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Maxwell Equations
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Maxwell Equations
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Equation of continuity




Electric displacement field
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Boundary conditions
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Material Equations
???D o E or joFE 277?
In general case: D(¢,7) = @ (E(t,?)); jt, ) = ‘P(E(t,?))

Material equations for linear electrodynamics
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Influence functions
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Homogeneous Media
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Homogeneity in tand space
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Fourier Transform
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Complex tensors ¢;;(w, k) and o;;(w, k)
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Tensor of complex
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ij(w, k) € oy5(w, k)

D(t,7) = e,B(t, ) + [*_dt'](t,7) (3.4) Di(w, k) = ege;;(w, k)E;(w, k)
ji(w, k) = aij(w, k)Ej(a), k)

E(t,7) = j da)jdﬁ) E(w, E)e—iwtﬂ%f-
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eii(w, k) of the Isotropic Medium
M: Tensor Calculus

Rotational invariance of the second rank tensor ¢&;;(w, 75)
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The second rank tensor ¢;;(w, k) is a combination of &;; and k;k;

Transverse Longitudinal
dielectric dielectric

permittivity permittivity
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a;;(w, k) of the Isotropic Medium

The tensor of the complex conductivity o;; (a), I?):
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Properties of tensors ¢;;(w, k) and g;;(w, k)
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complex Real

&ij(w, E) = {e;j(~o, —E)}* ;
Re [eij(a), k)] = Re [{eij(—w, —k)} ]
Im [eij(a), E)] = —Im [{Eij(—(l), —l_())} ]
“*” means complex conjugation

NB: The same true for:

1. Conductivity tensor a;;(w, k)
2. lIsotropic medium = ¢ (w, k), o (w, k)
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More properties of material tensors

Mirror reflection of the coordinate axes
for the second rank (true=not pseudotensor) tensor ¢;; (a), %)
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The second rank tensor &;;(w, I?) does not change the sign:

If + external magnetic field B, (pseudovector):

—

gij ((1), E, E)O) — eji(w, —TC), _BO)
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Electromagnetic waves in the medium

Dispertsion equation w = w(k) for the medium (w/o external sources)
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Electromagnetic waves in the medium

Dispersion equation:

w —
k25ij — klk] — C—zeij(w, k)




Electromagnetic waves in the isotropic medium

Longitudinal waves

Transverse waves

[



Summary

» Maxwell Equations
> D
> Boundary conditions
» Complex tensors ¢;;(w, k) and o;;(w, k)

- Homogeneous medium
o |sotropic medium

» Electromagnetic waves in medium
2

e (w, k )] =0

> |sotropic medium: &'(w, k) = 0; [kz — ‘;)—22

» Next:
o For any classical equilibrium medium
(0, k ) = 1 ( Bohr-Van-Leeuwen theorem)

o Energy of electromagnetic waves in the medium
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M: Elements of Tensor Calculus

N X3 Coordinates of M: xi=egx/, xi=eg'x= e,
! \
X3 N\ oM -
T X e;;j - cosine of the angles between axes
27 x>1 X X} x4
X3 III X €11 €12 €13 3 -5 = 1 for i=j,
\;X’ X; €3 €1 €3 Eikfk I {ﬂ for 7.
3 FFa o
X3 €3] €32 €33 >
Z €ikCjk
k=1
& €2 € . .
. EE']' Ezlz E'i Transformation matrix of an
q . . .
ey ey e/ Orthogonal affine transformation
a-b=ab;,=ab +ab; + aib, ﬂl'be' = g!"b; Invariant! = vector (tensor) definition

X = ('KIJXE:IB) a; = (lﬂj_, i, Hg) ‘Fl = ai-xf=inv

A second-rank tensor Xx = (X, X, X3) _
. ,Fé = d;jxl-yj:lnv

. y = (1,2, ¥3) i




M: Elements of Tensor Calculus

A second-rank tensor x = (X, X,, X3)

_ E =d;x;y;=inv
y = V1, Y2, 73) 2= GyXid]
E.g. 0;x;y;=x;y;=xy= const.
the transformation law of second-rank tensors
— f ¥ r r — I
d:]xixj - d:]xf Yi = dzj Emfxmenjyn - dskgiggjk‘rfyf dk.r - Ekiefrfd;;f

Analogously we obtain  dj; = eye;d;

Thus, a second-rank tensor is transformed like the outer product of two
vectors a;b;. Therefore, one can define such a tensor as a set of nine quan-
tities being transformed like the outer product of two vectors.

Tensors of higher rank are defined analogously. Thus, a third-rank tensor
B is a set of 27 quantities, leaving the cubic form

by = 5:}!:-1}'}*’;3!:
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M: Elements of Tensor Calculus

B.1.2 CﬂmpGSe the general second-rank tensor ¢; with &;(k) = ¢; (- k) for
real k. For k = 0 reduce ¢; over the indices, i.e., take the sum ¢;.

Solution.
e, () = ay0, + arkk, = (a,}- —%‘L) e 4 g
1.e.,
o Elo _ Etr
=&, Uy = kg

In the limit £k — 0 we have ¢;(0) = a,0; and €° = ¢ = ¢. For vanishing k,
&;(0) = e0; is the general second-rank tensor. The reduction over the indices
reads

gi(k) = (3-1)e" +°=2e"+£° £°(0) =3¢.
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M: Elements of Tensor Calculus

The components of a tensor can be both real and complex. Therefore, in
general, we have to deal with complex tensors. Then, the concept of the
Hermiticity of a tensor is important. A second-rank tensor is called Hermi-
tian if (“*” means complex conjugation)

*H

_ _H
a; =

butif o =-aj
the tensor is called anti-Hermitian. Any tensor can be decomposed into a
Hermitian and an anti-Hermitian part.
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M: Elements of Tensor Calculus

True- and pseudo-tensors

...a pseudotensor is usually a quantity that transforms like a tensor under an orientation
preserving coordinate transformation (e.g., a proper rotation), but additionally changes sign
under an orientation reversing coordinate transformation (e.g., an improper rotation, which is a
transformation that can be expressed as a proper rotation followed by reflection). (Wikipedia)

Pseudotensor by orientation reversing coordinate transformation:
- Even rank (0—>scalar,2,..) = change the sign (-1)
- Odd rank (1->vector,3,..) = invariant (+1)

The completely antisymmetric third-rank unit tensor:

0 if two of the indices i, j, k coincide,

Under inversion the two vectors . . . . .
change sign, but their cross product | 1 if the indices i, j, k form a regular succession of the
is invariant [black are the two original B
vectors, grey are the inverted vectors, Ef}k numbers 1’ 2’ 3’

dredis thei tual duct]. . . . .o . .
and red s their mutual cross product] —1 if the indices i, j, k form an irregular succession of

the numbers 1, 2, 3,

[C_l) X B]l = el-jkajbk
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M: Elements of Tensor Calculus

True- and pseudo-vectors and scalars:

[true vector x true vector] = pseudovector
[pseudovector x pseudovector] = pseudovector
[true vector x pseudovector] = true vector

(true vector - true vector) = true scalar
(true vector - pseudovector) = pseudo scalar
(pseudovector - pseudovector) = true scalar

1Also opeartors:

e.g.:
V- o _9%_ dd
(7 0)= 5 = ora
[Vx&]=curl&
E.g.

- True scalars: t, ,0,5(13):0)(’:)

L P o ED . _ d0(k)
- True vectors? D 3 ~ ok
ue vectorst,p,k,D,J, v = =57, Vg = ¢

- Pseudovector; ?7?7?
;
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