
M.Krasilnikov  

"Electrodynamics of plasma and beams“ – 2012 

L#3 



2 

𝛻𝐸 =
𝜌

휀0
+

𝜌0

휀0
 

    𝛻𝐵 = 0 

 𝛻 × 𝐸 = −
𝜕𝐵

𝜕𝑡
  

        𝛻 × 𝐵 =
1

𝑐2

𝜕𝐸

𝜕𝑡
+ 𝜇0𝑗 + 𝜇0𝑗0 

(3.1) 

𝜌0; 𝑗0  → external field sources 

𝐹 = 𝑒 𝐸 + 𝑣 × 𝐵      (3.2) 
 𝑐 =

1

𝜀0𝜇0
= 299792458

𝑚

𝑠
 

휀0 = 8.854 ∙ 10−12
𝐴 𝑠

𝑉 𝑚
 

𝜇0 = 4𝜋 ∙ 10−7
𝑉 𝑠

𝐴 𝑚
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𝛻𝐸 =
𝜌

휀0
+

𝜌0

휀0
 

 

𝛻 × 𝐵 =
1

𝑐2

𝜕𝐸

𝜕𝑡
+ 𝜇0𝑗 + 𝜇0𝑗0 𝛻 ∙ 

0 =
1

𝑐2

𝜕

𝜕𝑡
𝛻𝐸 + 𝜇0𝛻𝑗 + 𝜇0𝛻𝑗0 

 𝑐 =
1

𝜀0𝜇0
 𝜕

𝜕𝑡
𝜌 + 𝜌0 + 𝛻 𝑗 + 𝑗0 = 0  (3.3) 

Equation of continuity 
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𝐷 𝑡, 𝑟 = 휀0𝐸 𝑡, 𝑟 +  𝑑𝑡′𝑗 𝑡′, 𝑟
𝑡

−∞
  (3.4) 

𝛻𝐷 = 𝜌0 

𝛻𝐵 = 0 

 𝛻 × 𝐸 = −
𝜕𝐵

𝜕𝑡
  

        𝛻 × 𝐵 =
1

𝑐2휀0

𝜕𝐷

𝜕𝑡
+ 𝜇0𝑗0 

(3.5) 

? ? ? 𝐷 ↔ 𝐸  
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𝐵2𝑛 − 𝐵1𝑛 = 0 

𝐸2𝑡 − 𝐸1𝑡 = 0 

𝛻𝐵 = 0 

𝛻 × 𝐵 =
1

𝑐2휀0

𝜕𝐷

𝜕𝑡
+ 𝜇0𝑗0 

1 

2 

𝐴  𝐴 𝑛 

𝐴 𝑡 

𝛻𝐷 = 𝜌0 

𝛻 × 𝐸 = −
𝜕𝐵

𝜕𝑡
 

𝐷2𝑛 − 𝐷1𝑛 = 𝜎0 −  𝛻 𝑛 × 𝐷 × 𝑛 𝑑𝑧
2

1

 

𝑧, 𝑛  

= 𝜎 → surface density of 
the induced charge  

 

𝑛 × 𝐵2 − 𝐵1 = 𝐵2𝑡 − 𝐵1𝑡 = 

= 1

𝑐2𝜀0
 𝑖0 −  𝑗 𝑑𝑧

2

1
 

𝑖0 =  𝑗 0𝑑𝑧
2

1

 surface current density 



6 

??? 𝐷 ↔ 𝐸  or  𝑗 ↔ 𝐸  ? ? ? 

In general case: 𝐷 𝑡, 𝑟 = Φ 𝐸 𝑡, 𝑟 ; 𝑗 𝑡, 𝑟 = Ψ 𝐸 𝑡, 𝑟  

Material equations for linear electrodynamics 

𝐷𝑖 𝑡, 𝑟 = 휀0  𝑑𝑡1

𝑡

−∞

 𝑑𝑟 1 휀 𝑖𝑗 𝑟 , 𝑟 1, 𝑡, 𝑡1 𝐸𝑗 𝑟 1, 𝑡1  

 𝑗𝑖 𝑡, 𝑟 =     𝑑𝑡1

𝑡

−∞

 𝑑𝑟 1  𝜎 𝑖𝑗 𝑟 , 𝑟 1, 𝑡, 𝑡1 𝐸𝑗 𝑟 1, 𝑡1  

Influence functions 
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𝐷𝑖 𝑡, 𝑟 = 휀0  𝑑𝑡1

𝑡

−∞

 𝑑𝑟 1 휀 𝑖𝑗 𝑟 , 𝑟 1, 𝑡, 𝑡1 𝐸𝑗 𝑟 1, 𝑡1  

 𝑗𝑖 𝑡, 𝑟 =  𝑑𝑡1

𝑡

−∞

 𝑑𝑟 1 𝜎 𝑖𝑗 𝑟 , 𝑟 1, 𝑡, 𝑡1 𝐸𝑗 𝑟 1, 𝑡1  

𝐷𝑖 𝑡, 𝑟 = 휀0  𝑑𝑡1

𝑡

−∞

 𝑑𝑟 1 휀 𝑖𝑗 𝑟 − 𝑟 1, 𝑡 − 𝑡1 𝐸𝑗 𝑟 1, 𝑡1  

 𝑗𝑖 𝑡, 𝑟 =  𝑑𝑡1

𝑡

−∞

 𝑑𝑟 1 𝜎 𝑖𝑗 𝑟 − 𝑟 1, 𝑡 − 𝑡1 𝐸𝑗 𝑟 1, 𝑡1  

Homogeneity in t and space  
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𝐸 𝑡, 𝑟 =  𝑑𝜔

∞

−∞

 𝑑𝒌  𝐸 𝜔, 𝑘 𝑒−𝑖𝜔𝑡+𝑖𝑘𝑟  

𝐷𝑖 𝑡, 𝑟 = 휀0  𝑑𝑡1

𝑡

−∞

 𝑑𝑟 1 휀 𝑖𝑗 𝑟 − 𝑟 1, 𝑡 − 𝑡1 𝐸𝑗 𝑟 1, 𝑡1  

 𝑗𝑖 𝑡, 𝑟 =  𝑑𝑡1

𝑡

−∞

 𝑑𝑟 1 𝜎 𝑖𝑗 𝑟 − 𝑟 1, 𝑡 − 𝑡1 𝐸𝑗 𝑟 1, 𝑡1  

𝐷𝑖 𝜔, 𝑘 = 휀0  𝑑𝑡 

∞

0

 𝑑𝑟  휀 𝑖𝑗 𝑟  , 𝑡 𝑒𝑖𝜔𝑡 −𝑖𝑘𝑟  𝐸𝑗 𝜔, 𝑘 = 휀0휀𝑖𝑗 𝜔, 𝑘 𝐸𝑗 𝜔, 𝑘  

𝑗𝑖 𝜔, 𝑘 =  𝑑𝑡 

∞

0

 𝑑𝑟  𝑗 𝑖𝑗 𝑟  , 𝑡 𝑒𝑖𝜔𝑡 −𝑖𝑘𝑟  𝐸𝑗 𝜔, 𝑘 = 𝜎𝑖𝑗 𝜔, 𝑘 𝐸𝑗 𝜔, 𝑘  

𝑟  = 𝑟 − 𝑟 1 
 

𝑡 = 𝑡 − 𝑡1 
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𝐷𝑖 𝜔, 𝑘 = 휀0  𝑑𝑡 

∞

0

 𝑑𝑟  휀 𝑖𝑗 𝑟  , 𝑡 𝑒𝑖𝜔𝑡 −𝑖𝑘𝑟  𝐸𝑗 𝜔, 𝑘 = 휀0휀𝑖𝑗 𝜔, 𝑘 𝐸𝑗 𝜔, 𝑘  

𝑗𝑖 𝜔, 𝑘 =  𝑑𝑡 

∞

0

 𝑑𝑟  𝑗 𝑖𝑗 𝑟  , 𝑡 𝑒𝑖𝜔𝑡 −𝑖𝑘𝑟  𝐸𝑗 𝜔, 𝑘 = 𝜎𝑖𝑗 𝜔, 𝑘 𝐸𝑗 𝜔, 𝑘  

휀𝑖𝑗 𝜔, 𝑘 =  𝑑𝑡 

∞

0

 𝑑𝑟  휀 𝑖𝑗 𝑟  , 𝑡 𝑒𝑖𝜔𝑡 −𝑖𝑘𝑟   

 

𝜎𝑖𝑗 𝜔, 𝑘 =  𝑑𝑡 

∞

0

 𝑑𝑟  𝜎 𝑖𝑗 𝑟  , 𝑡 𝑒𝑖𝜔𝑡 −𝑖𝑘𝑟   

Tensor of complex 
dielectric 

permittivity 
(dielectric tensor) 

Tensor of complex 
conductivity 
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𝐷 𝑡, 𝑟 = 휀0𝐸 𝑡, 𝑟 +  𝑑𝑡′𝑗 𝑡′, 𝑟
𝑡

−∞
  (3.4) 

휀𝑖𝑗 𝜔, 𝑘 = 𝛿𝑖𝑗 +
𝑖

휀0𝜔
𝜎𝑖𝑗 𝜔, 𝑘  

𝐸 𝑡, 𝑟 =  𝑑𝜔

∞

−∞

 𝑑𝒌  𝐸 𝜔, 𝑘 𝑒−𝑖𝜔𝑡+𝑖𝑘𝑟  

𝐷𝑖 𝜔, 𝑘 = 휀0휀𝑖𝑗 𝜔, 𝑘 𝐸𝑗 𝜔, 𝑘  

𝑗𝑖 𝜔, 𝑘 = 𝜎𝑖𝑗 𝜔, 𝑘 𝐸𝑗 𝜔, 𝑘  

1.  unit tensor   𝛿𝑖𝑗 =
1 0 0
0 1 0
0 0 1

 

2.  𝜔 ≠ 0 
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휀𝑖𝑗 𝜔, 𝒌 = 𝛿𝑖𝑗 −
𝑘𝑖𝑘𝑗

𝑘2
휀𝑡𝑟 𝜔, 𝑘 +

𝑘𝑖𝑘𝑗

𝑘2
휀𝑙 𝜔, 𝑘  

Rotational invariance of the second rank tensor 휀𝑖𝑗 𝜔, 𝑘   

The second rank tensor 휀𝑖𝑗 𝜔, 𝑘  is a combination of 𝛿𝑖𝑗 and 𝑘𝑖𝑘𝑗 

Transverse 
dielectric 

permittivity 

Longitudinal 

dielectric 

permittivity 

M: Tensor Calculus 
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The tensor of the complex conductivity 𝜎𝑖𝑗 𝜔, 𝑘 :  

𝜎𝑖𝑗 𝜔, 𝒌 = 𝛿𝑖𝑗 −
𝑘𝑖𝑘𝑗

𝑘2
𝜎𝑡𝑟 𝜔, 𝑘 +

𝑘𝑖𝑘𝑗

𝑘2
𝜎𝑙 𝜔, 𝑘  

휀𝑖𝑗 𝜔, 𝑘 = 𝛿𝑖𝑗 +
𝑖

휀0𝜔
𝜎𝑖𝑗 𝜔, 𝑘  휀𝑡𝑟,𝑙 𝜔, 𝑘 = 1 +

𝑖

휀0𝜔
𝜎𝑡𝑟,𝑙 𝜔, 𝑘  

𝑘 = 𝒌  
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휀𝑖𝑗 𝜔, 𝑘 =  𝑑𝑡 

∞

0

 𝑑𝑟    휀 𝑖𝑗 𝑟  , 𝑡   𝑒𝑖𝜔𝑡 −𝑖𝑘𝑟   

 

𝜎𝑖𝑗 𝜔, 𝑘 =  𝑑𝑡 

∞

0

 𝑑𝑟    𝜎 𝑖𝑗 𝑟  , 𝑡    𝑒𝑖𝜔𝑡 −𝑖𝑘𝑟   

complex 

휀𝑖𝑗 𝜔, 𝑘 = 휀𝑖𝑗 −𝜔, −𝑘
∗
 

𝑅𝑒 휀𝑖𝑗 𝜔, 𝑘 = 𝑅𝑒 휀𝑖𝑗 −𝜔, −𝑘
∗

 

𝐼𝑚 휀𝑖𝑗 𝜔, 𝑘 = −𝐼𝑚 휀𝑖𝑗 −𝜔, −𝑘
∗

 

Real 

NB:  The same true for: 

1. Conductivity tensor 𝜎𝑖𝑗 𝜔, 𝑘  

2. Isotropic medium  휀𝑡𝑟,𝑙 𝜔, 𝑘 , 𝜎𝑡𝑟,𝑙 𝜔, 𝑘  
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휀𝑖𝑗 𝜔, 𝒌 = 휀𝑗𝑖 𝜔, −𝒌  

Mirror reflection of the coordinate axes 

 for the second rank (true=not pseudotensor) tensor 휀𝑖𝑗 𝜔, 𝑘   

The second rank tensor 휀𝑖𝑗 𝜔, 𝑘  does not change the sign: 

If + external  magnetic field 𝑩0  (pseudovector): 

휀𝑖𝑗 𝜔, 𝒌, 𝑩0 = 휀𝑗𝑖 𝜔, −𝒌, −𝑩0  
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Dispertsion equation 𝜔 = 𝜔 𝑘  for the medium (w/o external sources) 

𝛻𝐷 = 0 

𝛻𝐵 = 0 

 𝛻 × 𝐸 = −
𝜕𝐵

𝜕𝑡
  

𝛻 × 𝐵 =
1

𝑐2휀0

𝜕𝐷

𝜕𝑡
 

𝑘𝑖휀𝑖𝑗 𝜔, 𝑘 𝐸𝑗 = 0 

𝑘𝑖𝐵𝑖 = 0 
 

 𝑘 × 𝐸 = 𝜔𝐵 
 

𝑐2 𝑘 × 𝐵 = −𝜔휀𝑖𝑗 𝜔, 𝑘 𝐸𝑗 

∝  𝑑𝜔

∞

−∞

 𝑑𝒌  𝐸 𝜔, 𝑘 𝑒−𝑖𝜔𝑡+𝑖𝑘𝑟  

𝐷𝑖 𝜔, 𝑘 = 휀𝑖𝑗 𝜔, 𝑘 𝐸𝑗 𝜔, 𝑘  

𝐵 =
1

𝜔
𝑘 × 𝐸  

𝑘 × 𝐵 = −
𝜔

𝑐2 휀𝑖𝑗 𝜔, 𝑘 𝐸𝑗 
𝑘 × 𝑘 × 𝐸 = −

𝜔2

𝑐2
휀𝑖𝑗 𝜔, 𝑘 𝐸𝑗 

𝑘 𝑘 ∙ 𝐸 − 𝐸 𝑘 ∙ 𝑘 = −
𝜔2

𝑐2 휀𝑖𝑗 𝜔, 𝑘 𝐸𝑗 

𝑘2𝛿𝑖𝑗 − 𝑘𝑖𝑘𝑗 −
𝜔2

𝑐2
휀𝑖𝑗 𝜔, 𝑘 𝐸𝑗 = 0 



𝑘2𝛿𝑖𝑗 − 𝑘𝑖𝑘𝑗 −
𝜔2

𝑐2
휀𝑖𝑗 𝜔, 𝑘 𝐸𝑗 = 0 

Dispersion equation: 

Λ = 𝑘2𝛿𝑖𝑗 − 𝑘𝑖𝑘𝑗 −
𝜔2

𝑐2
휀𝑖𝑗 𝜔, 𝑘 = 0 
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𝑘2𝛿𝑖𝑗 − 𝑘𝑖𝑘𝑗 −
𝜔2

𝑐2
휀𝑖𝑗 𝜔, 𝑘 𝐸𝑗 = 0 Λ = 𝑘2𝛿𝑖𝑗 − 𝑘𝑖𝑘𝑗 −

𝜔2

𝑐2
휀𝑖𝑗 𝜔, 𝑘 = 0 

휀𝑖𝑗 𝜔, 𝒌 = 𝛿𝑖𝑗 −
𝑘𝑖𝑘𝑗

𝑘2
휀𝑡𝑟 𝜔, 𝑘 +

𝑘𝑖𝑘𝑗

𝑘2
휀𝑙 𝜔, 𝑘  

𝑘2𝛿𝑖𝑗 − 𝑘𝑖𝑘𝑗 −
𝜔2

𝑐2
𝛿𝑖𝑗 −

𝑘𝑖𝑘𝑗

𝑘2
휀𝑡𝑟 𝜔, 𝑘 +

𝑘𝑖𝑘𝑗

𝑘2
휀𝑙 𝜔, 𝑘 𝐸𝑗 = 0 

𝑘2𝐸𝑡𝑟 −
𝜔2

𝑐2
휀𝑡𝑟 𝜔, 𝑘 𝐸𝑡𝑟 + 휀𝑙 𝜔, 𝑘 𝐸𝑡𝑟 = 0 

휀𝑙 𝜔, 𝑘 = 0 

𝑘2 −
𝜔2

𝑐2
휀𝑡𝑟 𝜔, 𝑘 

2

= 0 

Longitudinal waves 

Transverse waves 



 Maxwell Equations 

◦ 𝐷 

◦ Boundary conditions 

 Complex tensors 휀𝑖𝑗 𝜔, 𝑘  and 𝜎𝑖𝑗 𝜔, 𝑘   

◦ Homogeneous medium 

◦ Isotropic medium 

 Electromagnetic waves in medium 

◦ Isotropic medium: 휀𝑙 𝜔, 𝑘 = 0; 𝑘2 −
𝜔2

𝑐2 휀𝑡𝑟 𝜔, 𝑘 
2

= 0 

 Next:  
◦ For any classical equilibrium medium  

   μ 0, 𝑘 = 𝟏 ( Bohr-Van-Leeuwen theorem) 

◦ Energy of electromagnetic waves in the medium 

18 
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𝑥1 

𝑥2 

𝑥3 

𝑥1
′  

𝑥2
′  

𝑥3
′  

𝑀 

Coordinates of 𝑀: 

𝑒𝑖𝑗 - cosine of the angles between axes 

 𝑒𝑖𝑘𝑒𝑗𝑘

3

𝑘=1

 

Transformation matrix of an  

orthogonal affine transformation 

Invariant!  vector (tensor) definition 

=inv 

=inv 
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=inv 

E.g. 



21 



22 
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True- and pseudo-tensors 

…a pseudotensor is usually a quantity that transforms like a tensor under an orientation 

preserving coordinate transformation (e.g., a proper rotation), but additionally changes sign 

under an orientation reversing coordinate transformation (e.g., an improper rotation, which is a 

transformation that can be expressed as a proper rotation followed by reflection). (Wikipedia) 

Under inversion the two vectors 

change sign, but their cross product 

is invariant [black are the two original 

vectors, grey are the inverted vectors, 

and red is their mutual cross product]. 

Pseudotensor by orientation reversing coordinate transformation: 

-  Even rank (0scalar,2,..)  change the sign (-1) 

-   Odd rank (1vector,3,..)  invariant (+1) 

The completely antisymmetric third-rank unit tensor: 

𝑎 × 𝑏
𝑖
= 𝑒𝑖𝑗𝑘𝑎𝑗𝑏𝑘 

//upload.wikimedia.org/wikipedia/commons/b/b8/Uitwendig_product_onder_inversie.svg
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True- and pseudo-vectors and scalars: 

[true vector × true vector] = pseudovector 

[pseudovector × pseudovector] = pseudovector 

[true vector × pseudovector] = true vector 

 

(true vector · true vector) = true scalar 

(true vector · pseudovector) = pseudo scalar 

(pseudovector · pseudovector) = true scalar 

e.g.: 

𝛻 ∙  Φ =
𝜕Φ

𝜕𝑟 
= 𝑔𝑟𝑎𝑑 Φ 

𝛻 × 𝑎 = 𝑐𝑢𝑟𝑙 𝑎  

!Also opeartors: 

E.g.: 

- True scalars: 𝑡, 𝜌, ℰ 𝑝 , 𝜔 𝑘  

- True vectors𝑟 , 𝑝 , 𝑘, 𝐷, 𝑗  , 𝑣 =
𝜕ℰ 𝑝 

𝜕𝑝 
, 𝑣 𝑔 =

𝜕𝜔 𝑘

𝜕𝑘
 

- Pseudovector: ??? 


