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 Properties of the complex dielectric permittivity 

◦ Simplest model: 𝜺𝒕𝒓,𝒍 ⇒ 𝟏 −
𝝎𝒑

𝟐

𝝎𝟐  

 Fields of particles in the dispersive media: 
◦ Static E-field of a charge q: 

Φ(𝑟 ) =
𝑞

𝜀0 2𝜋 3  𝑑𝒌 
𝑒𝑖𝑘 𝑟 −𝑟 0

𝑘𝑖𝑘𝑗𝜀𝑖𝑗 0, 𝑘
 

◦ Static B-field of the linear current filament 

𝐵 𝜔, 𝑘 =
𝑖

𝜀0𝑐2

𝑘 × 𝑗 0(𝑘)

𝑘2 −
𝜔2

𝑐2 𝜀𝑡𝑟 𝜔, 𝑘
 

◦ E-field of the fast particle  energy losses 

𝐸𝑖 𝜔, 𝑘 = −
𝑖𝜔

𝜀0𝑘2

𝑘𝑖𝑘𝑗

𝜔2𝜀𝑙 𝜔, 𝑘
−

𝑘2𝛿𝑖𝑗 − 𝑘𝑖𝑘𝑗

𝑘2𝑐2 − 𝜔2𝜀𝑡𝑟 𝜔, 𝑘
𝑗𝑜𝑗 𝜔, 𝑘  
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𝛻 × 𝐵 =
1

𝑐2𝜀0

𝜕𝐷

𝜕𝑡
+

𝑗 0
𝑐2𝜀0

 

𝛻 × 𝐸 = −
𝜕𝐵

𝜕𝑡
  

… ∙ 𝐸 𝑐2𝜀0 
 
 

… ∙ 𝐵 𝑐2𝜀0 

“-” 

𝐸
𝜕𝐷

𝜕𝑡
+ 𝑐2𝜀0𝐵

𝜕𝐵

𝜕𝑡
= 𝑐2𝜀0 𝛻 × 𝐵 ∙ 𝐸 − 𝑐2𝜀0 𝛻 × 𝐸 ∙ 𝐵 − 𝑗 0 ∙ 𝐸 

𝐸
𝜕𝐷

𝜕𝑡
+ 𝑐2𝜀0𝐵

𝜕𝐵

𝜕𝑡
= −𝑐2𝜀0 𝛻 ∙ 𝐸 × 𝐵 − 𝑗 0 ∙ 𝐸 

V 

S 

 𝑑𝒓 𝐸
𝜕𝐷

𝜕𝑡
+ 𝑐2𝜀0𝐵

𝜕𝐵

𝜕𝑡𝑉

= −𝑐2𝜀0  𝑑𝑆  𝐸 × 𝐵
𝑆

−  𝑑𝒓 𝑗 0 ∙ 𝐸
𝑉

 

       

𝑉 → ∞ 

𝑑𝑊

𝑑𝑡
     =         0       −    

𝑑𝐴

𝑑𝑡
 

𝑊 – energy of EMF 
𝐴 – work of EMF against 

the external sources 



4 

𝑑𝑊

𝑑𝑡
=  𝑑𝒓 𝐸

𝜕𝐷

𝜕𝑡
+ 𝑐2𝜀0𝐵

𝜕𝐵

𝜕𝑡𝑉

= −𝑐2𝜀0  𝑑𝑆  𝐸 × 𝐵
𝑆

−  𝑑𝒓 𝑗 0 ∙ 𝐸
𝑉

 

𝐴 𝑡, 𝑟 ∝
1

2
𝐴 𝜔, 𝑘 𝑒−𝑖𝜔𝑡+𝑖𝑘𝑟 + 𝐴 ∗ 𝜔, 𝑘 𝑒𝑖𝜔𝑡−𝑖𝑘𝑟  

… 𝑡 

𝑑𝑊

𝑑𝑡
=

𝑖𝜔

4
 𝑑𝒓 𝐸 𝜔, 𝑘 ∙ 𝐷∗ 𝜔, 𝑘 − 𝐸∗ 𝜔, 𝑘 ∙ 𝐷 𝜔, 𝑘

𝑉

=
𝑖𝜔

4
𝑉 𝐸 𝜔, 𝑘 ∙ 𝐷∗ 𝜔, 𝑘 − 𝐸∗ 𝜔, 𝑘 ∙ 𝐷 𝜔, 𝑘 =

=
𝑖𝜔

4
𝜀0𝑉 ∙ 𝜀𝑖𝑗

∗ 𝜔, 𝑘 − 𝜀𝑗𝑖 𝜔, 𝑘 ∙ 𝐸𝑖 𝜔, 𝑘 ∙ 𝐸𝑗

∗
𝜔, 𝑘  

 

Average energy, 

dissipated in the 

medium per time unit: 

anti-Hermitian part of 

dielectric permittivity tensor 
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𝑑𝑊

𝑑𝑡
=

𝑖𝜔

4
𝜀0𝑉 ∙ 𝜀𝑖𝑗

∗ 𝜔, 𝑘 − 𝜀𝑗𝑖 𝜔, 𝑘 ∙ 𝐸𝑖 𝜔, 𝑘 ∙ 𝐸𝑗

∗
𝜔, 𝑘  

Homogeneous isotropic medium: 𝜀𝑖𝑗 𝜔, 𝒌 = 𝛿𝑖𝑗 −
𝑘𝑖𝑘𝑗

𝑘2 𝜀𝑡𝑟 𝜔, 𝑘 +
𝑘𝑖𝑘𝑗

𝑘2 𝜀𝑙 𝜔, 𝑘  
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𝑑𝑊

𝑑𝑡
=

𝑖𝜔

4
𝜀0𝑉 ∙ 𝜀𝑖𝑗

∗ 𝜔, 𝑘 − 𝜀𝑗𝑖 𝜔, 𝑘 ∙ 𝐸𝑖 𝜔, 𝑘 ∙ 𝐸𝑗

∗
𝜔, 𝑘  

Homogeneous isotropic medium: 𝜀𝑖𝑗 𝜔, 𝒌 = 𝛿𝑖𝑗 −
𝑘𝑖𝑘𝑗

𝑘2 𝜀𝑡𝑟 𝜔, 𝑘 +
𝑘𝑖𝑘𝑗

𝑘2 𝜀𝑙 𝜔, 𝑘  

𝑑𝑊

𝑑𝑡
=

𝜔𝜀0𝑉

2
∙ 𝐼𝑚 𝜀𝑙 𝜔, 𝑘 ∙ 𝐸𝑙

2
+ 𝐼𝑚 𝜀𝑡𝑟 𝜔, 𝑘 ∙ 𝐸𝑡𝑟

2
=Q Heat delivered per unit volume 

absorption of || waves absorption of ⊥ waves 

𝑄 > 0  𝐼𝑚 𝜀𝑙,𝑡𝑟 𝜔, 𝑘 >0 
For medium in thermodynamic equilibrium! 
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𝐸 𝑡, 𝑟 ∝
1

2
𝐸 𝜔, 𝑘, 𝑡 𝑒−𝑖𝜔𝑡+𝑖𝑘𝑟 + 𝐸∗ 𝜔, 𝑘, 𝑡 𝑒𝑖𝜔𝑡−𝑖𝑘𝑟  

Slowly varying in time 
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-slowly varying  

𝜕𝐷𝑖

𝜕𝑡
= −𝑖𝜔𝜀0𝜀𝑖𝑗 𝜔 𝐸𝑗 = 𝜀0

𝜕

𝜕𝑡
𝜀𝑖𝑗 𝜔 𝐸𝑗 → 𝜀0𝑓 𝐸 
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𝐴 𝑡, 𝑟 ∝
1

2
𝐴 𝜔, 𝑘, 𝑡 𝑒−𝑖𝜔𝑡+𝑖𝑘𝑟 + 𝐴 ∗ 𝜔, 𝑘, 𝑡 𝑒𝑖𝜔𝑡−𝑖𝑘𝑟  

For the medium w/o absorption: 

𝑈

𝑉
=

𝜀0

4

𝜕 𝜔𝜀𝑖𝑗

𝜕𝜔
𝐸𝑖

∗ 𝜔, 𝑘, 𝑡 𝐸𝑗 𝜔, 𝑘, 𝑡 +
𝜀0𝑐2

4
𝐵𝑖

∗ 𝜔, 𝑘, 𝑡 𝐵𝑖 𝜔, 𝑘, 𝑡  

Average energy of the EMF in the medium w/o absorption 

(Brillouin, 1921) 
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𝑈

𝑉
=

𝜀0

4

𝜕 𝜔𝜀𝑖𝑗

𝜕𝜔
𝐸𝑖

∗ 𝜔, 𝑘, 𝑡 𝐸𝑗 𝜔, 𝑘, 𝑡 +
𝜀0𝑐2

4
𝐵𝑖

∗ 𝜔, 𝑘, 𝑡 𝐵𝑖 𝜔, 𝑘, 𝑡  

Homogeneous isotropic medium: 𝜀𝑖𝑗 𝜔, 𝒌 = 𝛿𝑖𝑗 −
𝑘𝑖𝑘𝑗

𝑘2 𝜀𝑡𝑟 𝜔, 𝑘 +
𝑘𝑖𝑘𝑗

𝑘2 𝜀𝑙 𝜔, 𝑘  



Average force affecting the plasma in the inhomogeneous high-frequency field - ? 

11 

𝜀𝑖𝑗 𝜔, 𝒌 = 𝜀𝑖𝑗 𝜔, 𝒌, 𝑛𝜶  - function of the plasma density 𝑛𝛼 

Density variation  variation in 𝜀𝑖𝑗 𝜔, 𝒌   EMF energy variation 

𝛿𝑊

𝑉
=

1

2
𝐸 ∙ 𝛿𝐷 =

𝜀0

8
𝐸𝑖𝐸𝑗

∗𝛿𝜀𝑖𝑗
∗ + 𝐸𝑗𝐸𝑖

∗𝛿𝜀𝑖𝑗  

𝛿𝜀𝑖𝑗 =
𝜕𝜀𝑖𝑗

𝜕𝑛𝛼
𝛿𝑛𝛼 

If 𝜀𝑖𝑗 𝜔, 𝒌  Hermitian 𝛿𝜀𝑖𝑗
∗ = 𝛿𝜀𝑗𝑖 

𝛿𝑊

𝑉
=

𝜀0

4
𝛿𝜀𝑖𝑗𝐸𝑖

∗𝐸𝑗 =
𝜀0

4

𝜕𝜀𝑖𝑗

𝜕𝑛𝛼
𝛿𝑛𝛼𝐸𝑖

∗𝐸𝑗 
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𝛿𝑊

𝑉
=

𝜀0

4
𝛿𝜀𝑖𝑗𝐸𝑖

∗𝐸𝑗 =
𝜀0

4

𝜕𝜀𝑖𝑗

𝜕𝑛𝛼
𝛿𝑛𝛼𝐸𝑖

∗𝐸𝑗 

 if 𝛿𝑛𝛼 = 1   𝑈𝑝𝑜𝑡 = −
𝛿𝑊

𝑉
 - potential energy of a particle in the EM wave  𝐸 

 Average force acting on a particle    𝐹 𝑎𝑣 = 𝛻𝑈𝑝𝑜𝑡 =
𝜀0

4

𝜕𝜀𝑖𝑗

𝜕𝑛
 𝛻 𝐸𝑖

∗𝐸𝑗  

 For isotropic plasma    𝐹 𝑎𝑣 =
𝜀0

4

𝜕𝜀𝑙

𝜕𝑛
 𝛻 𝐸𝑙

2
+

𝜕𝜀𝑡𝑟

𝜕𝑛
 𝛻 𝐸𝑡𝑟

2
 

𝜕𝜀𝑙,𝑡𝑟

𝜕𝑛
 

 

>0  attraction to the high field region 

<0  repulsion from the high field region 
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𝐹 𝑎𝑣 =
𝜀0

4

𝜕𝜀𝑙

𝜕𝑛
 𝛻 𝐸𝑙

2
+

𝜕𝜀𝑡𝑟

𝜕𝑛
 𝛻 𝐸𝑡𝑟

2
 𝜀𝑡𝑟,𝑙 ⇒ 1 −

𝜔𝑝
2

𝜔2
 𝜔𝑝

2 =
𝑒2𝑛

𝜀0𝑚
 

𝜕𝜀𝑙,𝑡𝑟

𝜕𝑛
= −

𝑒2

𝜀0𝑚𝜔2 

Ponderomotive (Miller) force: 

  𝐹 𝑀 = −
𝑒2

4𝑚𝜔2 𝛻 𝐸 2 
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Electromagnetic waves in medium dispersion equation (eigenvalue problem): 

Λ 𝜔, 𝑘 = 𝑘2𝛿𝑖𝑗 − 𝑘𝑖𝑘𝑗 −
𝜔2

𝑐2 𝜀𝑖𝑗 𝜔, 𝑘 = 0 

Initial Value Problem (IVP): 

𝜔𝑛 𝑘  - eigen frequencies 
 

at 𝑡 = 0 perturbation by external  

source, then (𝑡 > 0) it is switched  

off  medium response? 

Boundary Value Problem (BVP): 

𝑘𝑛 𝜔  - eigen wave vectors 

 
local perturbation (at 𝑟 = 0)  - by external  

source  propagation of the signal in  

the medium? 

𝑘  𝜔𝑛 𝑘  

𝑣𝑝ℎ, 𝑣𝑔 

𝛿𝑛 = 𝐼𝑚 𝜔𝑛  

𝐸 𝑘   initial spatial distribution 𝜔 

𝜃 

𝑣𝑝ℎ𝜃 , 𝑣𝑔𝜃 

𝐼𝑚 𝑘𝜃  
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Λ 𝜔, 𝑘 = 𝑘2𝛿𝑖𝑗 − 𝑘𝑖𝑘𝑗 −
𝜔2

𝑐2
𝜀𝑖𝑗 𝜔, 𝑘 = 0 

Assumptions: 

• 𝑅𝑒Λ 𝜔, 𝑘 ≫ 𝐼𝑚Λ 𝜔, 𝑘  

• 𝜔 → 𝜔 + 𝑖𝛿 

𝑅𝑒Λ 𝜔, 𝑘 + 𝑖𝛿
𝜕𝑅𝑒Λ 𝜔, 𝑘

𝜕𝜔
+ 𝑖 𝐼𝑚Λ 𝜔, 𝑘 − 𝛿

𝜕𝐼𝑚Λ 𝜔, 𝑘

𝜕𝜔
= 0 

=0 
𝜹 = −

𝑰𝒎𝜦 𝝎, 𝒌

𝝏𝑹𝒆𝜦 𝝎, 𝒌
𝝏𝝎

 
≤0  damping decrement 

>0  instability increment (non-equilibrium medium) 

Homogeneous isotropic medium: 𝜀𝑖𝑗 𝜔, 𝒌 = 𝛿𝑖𝑗 −
𝑘𝑖𝑘𝑗

𝑘2 𝜀𝑡𝑟 𝜔, 𝑘 +
𝑘𝑖𝑘𝑗

𝑘2 𝜀𝑙 𝜔, 𝑘  

 𝑅𝑒 𝜀𝑙 𝜔, 𝑘 = 0;    𝛿𝑙 𝑘 = −
𝐼𝑚 𝜀𝑙 𝜔,𝑘 

𝜕𝑅𝑒 𝜀𝑙 𝜔,𝑘 

𝜕𝜔

 

𝑘2 =
𝜔2

𝑐2
 𝑅𝑒 𝜀𝑡𝑟 𝜔, 𝑘 ;     𝛿𝑡𝑟 𝑘 = −

𝐼𝑚 𝜔2𝜀𝑡𝑟 𝜔, 𝑘 

𝜕
𝜕𝜔

𝜔2𝑅𝑒 𝜀𝑙 𝜔, 𝑘 
 

Longitudinal waves 

Transverse waves 

𝜕𝑅𝑒 𝜀𝑙 𝜔, 𝑘 

𝜕𝜔
> 0 

𝜕

𝜕𝜔
𝜔2𝑅𝑒 𝜀𝑙 𝜔, 𝑘 >0 

For equil. medium 
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𝛿𝑛 = 𝐼𝑚 𝜔𝑛  

Initial Value Problem (IVP): 

𝜔𝑛 𝑘  - eigen frequencies 

Boundary Value Problem (BVP): 

𝑘𝑛 𝜔  - eigen wave vectors 

𝐼𝑚 𝑘𝜃  

 group velocity: 𝑣𝑔𝜃 =
𝜕𝜔

𝜕𝑘𝜃
= −

𝜕𝑅𝑒𝛬 𝜔,𝑘

𝜕𝑘𝜃

𝜕𝑅𝑒𝛬 𝜔,𝑘

𝜕𝜔

= −
𝛿

𝐼𝑚 𝑘𝜃
 

? 

𝛿 = −
𝐼𝑚𝛬 𝜔, 𝑘

𝜕𝑅𝑒𝛬 𝜔, 𝑘
𝜕𝜔

 
𝐼𝑚 𝑘𝜃 = −

𝐼𝑚𝛬 𝜔, 𝑘

𝜕𝑅𝑒𝛬 𝜔, 𝑘
𝜕𝑘𝜃

 

𝐼𝑚 𝑘𝜃 = −
𝛿

𝑣𝑔𝜃
 

phase velocity: 𝑣 𝑝ℎ =
𝜔𝑘

𝑘2  

𝑣 𝑝ℎ ∙ 𝑣 𝑔  

>0 forward wave with positive dispersion 

<0  backward wave with negative dispersion 
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Electric field in the isotropic medium 

from external source (problem 4.3) 

𝑗 0  casualty principle   𝐸 Medium response functions 

1

𝜀𝑙 𝜔,𝑘
 and 

1

𝑘2𝑐2−𝜔2𝜀𝑡𝑟 𝜔,𝑘
  analytical functions in the upper half of the  complex 𝜔-plane 

They should satisfy the Cauchy Theorem for an analytical function χ(𝜔) 

0 =  
χ 𝜔′ 𝑑𝜔′

𝜔′−𝜔Γ
= 𝒱. 𝒫.  

χ 𝜔′ 𝑑𝜔′

𝜔′−𝜔

∞

−∞
− 𝑖𝜋 χ 𝜔  

1

𝜀𝑙 𝜔, 𝑘
− 1 =

1

𝑖𝜋
𝒱. 𝒫.  

1
𝜀𝑙 𝜔′, 𝑘

− 1

𝜔′ − 𝜔
𝑑𝜔′

∞

−∞

 χ 𝜔 =
1

𝜀𝑙 𝜔,𝑘
− 1 

𝑹𝒆
𝟏

𝜺𝒍 𝝎, 𝒌
− 𝟏 =

𝟏

𝝅
𝓥. 𝓟.  

𝑰𝒎
𝟏

𝜺𝒍 𝝎′, 𝒌

𝝎′ − 𝝎
𝒅𝝎′

∞

−∞

 

𝑰𝒎
𝟏

𝜺𝒍 𝝎, 𝒌
− 𝟏 =

𝟏

𝝅
𝓥. 𝓟.  

𝑹𝒆
𝟏

𝜺𝒍 𝝎′, 𝒌
− 𝟏

𝝎′ − 𝝎
𝒅𝝎′

∞

−∞

 

 

𝐸𝑖 𝜔, 𝑘 = −
𝑖𝜔

𝜀0𝑘2

𝑘𝑖𝑘𝑗

𝜔2𝜀𝑙 𝜔, 𝑘
−

𝑘2𝛿𝑖𝑗 − 𝑘𝑖𝑘𝑗

𝑘2𝑐2 − 𝜔2𝜀𝑡𝑟 𝜔, 𝑘
𝑗𝑜𝑗 𝜔, 𝑘  



 Energy of EMF in the medium 

 Anti-Hermitian part of 𝜀𝑖𝑗 𝜔, 𝑘   energy dissipation 

 Plane wave in the isotropic medium: 
◦ 𝐼𝑚 𝜀𝑙,𝑡𝑟 𝜔, 𝑘 >0  for thermodynamic equilibrium 

 Inhomogeneous plasma/wave: 

◦ nonmonochromatic waves  ~
𝜕 𝜔𝜀𝑖𝑗

𝜕𝜔
 

◦ ponderomotive (Miller) force ~𝛻 𝐸
2
 

 Initial and boundary problems 

 Kramers-Kronig relations for 𝜀𝑖𝑗 𝜔, 𝑘  

 Next: Plasma dynamics  

◦Simplest model  single particle approximation 

◦The hydrodynamic model 

◦Kinetic equations with self-consistent field (Boltzmann-

Landau, Fokker-Plank, Lenard-Balescu, BGK) 
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