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 Dielectric permittivity for homogeneous Maxwellian plasma:      

 Plasma dispersion function 𝜍(𝑧) =
1

𝜋
 

𝑒𝑥𝑝 −𝑡2

𝑡−𝑧
𝑑𝑡

∞

−∞
 

 Function  Π 𝑧 2 = 𝑧 ∙ 𝜍 𝑧  and its asymptotic 

 Longitudinal dielectric permittivity 𝜀𝑙 𝜔, 𝑘 = 1 +  
𝜔𝑝𝛼

2

𝑘2𝑣𝑇𝛼
2

1 − Π
𝜔

𝑘𝑣𝑇𝛼
𝛼  

 Transverse dielectric permittivity 𝜀𝑡𝑟 𝜔, 𝑘 = 1 −  
𝜔𝑝𝛼

2

𝜔2 ∙ Π
𝜔

𝑘𝑣𝑇𝛼
𝛼  

 Longitudinal plasma oscillations in static limit  Debye shielding 

 Transverse waves in static limit  anomalous skin-effect 

 High frequency longitudinal waves  Landau damping 

 Not discussed:  
◦ Longitudinal waves: intermediate frequency range  ion-acoustic waves 

in nonisothermal plasma 

◦ Transverse high frequency waves in plasma 

◦ Degenerate plasma (Fermi distribution) 

◦ Oscillation and waves in degenerate collisionless plasma: 

 High frequency plasma waves and zero-point sound 

 
2 



3 

Π 𝑧 = 𝑧𝑒−
𝑧2

2  𝑒
𝜏2

2 𝑑𝜏

𝑧

𝑖∞

= −𝑖𝑧𝑒−
𝑧2

2 1 − erf 𝑖𝑧  

𝜀𝑙 𝜔, 𝑘 = 1 +  
𝜔𝑝𝛼

2

𝑘2𝑣𝑇𝛼
2

1 − Π
𝜔

𝑘𝑣𝑇𝛼
𝛼

 

 

𝜀𝑡𝑟 𝜔, 𝑘 = 1 −  
𝜔𝑝𝛼

2

𝜔2
∙ Π

𝜔

𝑘𝑣𝑇𝛼
𝛼

 

 A1)   𝑧 ≪ 1   ⇒   Π 𝑧 ≈ −𝑖
𝜋

2
𝑧 + 𝑂 𝑧2   

A2)  𝑧 ≫ 1; 𝑅𝑒 𝑧 ≫ 𝐼𝑚 𝑧 ⇒ Π 𝑧 ≈ 1 +
1

𝑧2 +
3

𝑧4 + 𝑂
1

𝑧5 − 𝑖
𝜋

2
𝑧𝑒−

𝑧2

2 + 𝑂
1

𝑧6  

A3)  𝑧 ≫ 1; 𝑅𝑒 𝑧 ≪ 𝐼𝑚 𝑧 ; 𝐼𝑚 𝑧 < 0 ⇒ Π 𝑧 ≈ −𝑖 2𝜋𝑧𝑒−
𝑧2

2 + 𝑂
1

𝑧6  

𝜀𝑙 𝜔, 𝑘 = 0 

𝑘2 −
𝜔2

𝑐2
𝜀𝑡𝑟 𝜔, 𝑘 

2

= 0 
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𝜀𝑡𝑟 𝜔, 𝑘 = 1 −  
𝜔𝑝𝛼

2

𝜔2
∙ Π

𝜔

𝑘𝑣𝑇𝛼
𝛼

 𝑘2 −
𝜔2

𝑐2
𝜀𝑡𝑟 𝜔, 𝑘 

2

= 0 

𝜀𝑡𝑟 𝜔, 𝑘 = 1 −  
𝜔𝑝𝛼

2

𝜔2 ∙ Π
𝜔

𝑘𝑣𝑇𝛼
𝛼

≈ 1 −  
𝜔𝑝𝛼

2

𝜔2 ∙ 1 + ⋯

𝛼

 

𝑘2 =
𝜔2

𝑐2 𝜀𝑡𝑟 𝜔, 𝑘 =
𝜔2 − 𝜔𝑝𝑒

2

𝑐2  

A2)  𝑧 ≫ 1; 𝑅𝑒 𝑧 ≫ 𝐼𝑚 𝑧 ⇒ Π 𝑧 ≈ 1 +
1

𝑧2 +
3

𝑧4 + 𝑂
1

𝑧5 − 𝑖
𝜋

2
𝑧𝑒−

𝑧2

2 + 𝑂
1

𝑧6  

𝜔2 = 𝜔𝑝𝑒
2 + 𝑘2𝑐2 

𝜔

𝜔𝑝𝑒
 

𝑘𝑐 𝜔𝑝𝑒  
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𝛿𝑙 𝑘 = −
𝜋

8
∙

𝜔𝑝𝑒

𝑘3𝑟𝐷𝑒
3

∙ 𝑒
−

1
2𝑘2𝑟𝐷𝑒

2−
3
2 

𝜔2 = 𝜔𝑝𝑒
2 1 + 3𝑘2𝑟𝐷𝑒

2  

𝜔

𝜔𝑝𝑒
 

𝑘𝑟𝐷𝑒 𝛿

𝜔𝑝𝑒
 

Landau Damping: 

For a lossless (still no 

collisions!) system there 

exist a physical solution for 

the oscillations characterized 

by an exponential decay 

corresponding to a damping 

𝑘𝑟𝐷𝑒 ≪ 1 → exp  𝑠𝑚𝑎𝑙𝑙 𝑑𝑎𝑚𝑝𝑖𝑛𝑔 

𝜔 ≫ 𝑘𝑣𝑇𝑒 , 𝑘𝑣𝑇𝑖 

?damping? 

A1)   𝑧 ≪ 1   ⇒   Π 𝑧 ≈ −𝑖
𝜋

2
𝑧 + 𝑂 𝑧2   
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𝜀𝑙 𝜔, 𝑘 = 1 +  
𝜔𝑝𝛼

2

𝑘2𝑣𝑇𝛼
2

1 − Π
𝜔

𝑘𝑣𝑇𝛼
𝛼

 

A3)  𝑧 ≫ 1; 𝑅𝑒 𝑧 ≪ 𝐼𝑚 𝑧 ; 𝐼𝑚 𝑧 < 0 ⇒ Π 𝑧 ≈ −𝑖 2𝜋𝑧𝑒−
𝑧2

2 + 𝑂
1

𝑧6  

𝜀𝑙 𝜔, 𝑘 = 0 

𝒌𝒓𝑫𝒆 ≫ 𝟏 
𝜔 ≫ 𝑘𝑣𝑇𝑒 ,  𝑘𝑣𝑇𝑖 

𝜔

𝑘𝑣𝑇𝑒
=

𝜋

2ln 𝑘2𝑟𝐷𝑒
2

− 𝑖 2ln 𝑘2𝑟𝐷𝑒
2  
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𝜀𝑙 𝜔, 𝑘 = 1 +  
𝜔𝑝𝛼

2

𝑘2𝑣𝑇𝛼
2

1 − Π
𝜔

𝑘𝑣𝑇𝛼
𝛼

 𝜀𝑙 𝜔, 𝑘 = 0 

𝑣𝑇𝑖 ≪
𝜔

𝑘
≪ 𝑣𝑇𝑒 

𝜀𝑙 𝜔, 𝑘 = 1 +
𝜔𝑝𝑒

2

𝑘2𝑣𝑇𝑒
2

1 − Π
𝜔

𝑘𝑣𝑇𝑒
+

𝜔𝑝𝑖
2

𝑘2𝑣𝑇𝑖
2

1 − Π
𝜔

𝑘𝑣𝑇𝑖
 

 A1)   𝑧 ≪ 1   ⇒   Π 𝑧 ≈ −𝑖
𝜋

2
𝑧 + 𝑂 𝑧2   

A2)  𝑧 ≫ 1; 𝑅𝑒 𝑧 ≫ 𝐼𝑚 𝑧 ⇒ Π 𝑧 ≈ 1 +
1

𝑧2 +
3

𝑧4 + 𝑂
1

𝑧5 − 𝑖
𝜋

2
𝑧𝑒−

𝑧2

2 + 𝑂
1

𝑧6  

A1 A2 
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𝑣𝑇𝑖 ≪
𝜔

𝑘
≪ 𝑣𝑇𝑒 

𝜀𝑙 𝜔, 𝑘 = 1 +
𝜔𝑝𝑒

2

𝑘2𝑣𝑇𝑒
2

1 − Π
𝜔

𝑘𝑣𝑇𝑒
+

𝜔𝑝𝑖
2

𝑘2𝑣𝑇𝑖
2

1 − Π
𝜔

𝑘𝑣𝑇𝑖
≈ 

 

≈ 1 +
𝜔𝑝𝑒

2

𝑘2𝑣𝑇𝑒
2

1 + 𝑖
𝜋

2

𝜔

𝑘𝑣𝑇𝑒
+

𝜔𝑝𝑖
2

𝑘2𝑣𝑇𝑖
2

1 − 1 −
1

𝑧2
−

3

𝑧4
+ 𝑖

𝜋

2
𝑧𝑒−

𝑧2

2  
𝑧=

𝜔
𝑘𝑣𝑇𝑖

 

 

 A1)   𝑧 ≪ 1   ⇒   Π 𝑧 ≈ −𝑖
𝜋

2
𝑧 + 𝑂 𝑧2   

A2)  𝑧 ≫ 1; 𝑅𝑒 𝑧 ≫ 𝐼𝑚 𝑧 ⇒ Π 𝑧 ≈ 1 +
1

𝑧2 +
3

𝑧4 + 𝑂
1

𝑧5 − 𝑖
𝜋

2
𝑧𝑒−

𝑧2

2 + 𝑂
1

𝑧6  
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𝑣𝑇𝑖 ≪
𝜔

𝑘
≪ 𝑣𝑇𝑒 

𝜀𝑙 𝜔, 𝑘 = 1 +
𝜔𝑝𝑒

2

𝑘2𝑣𝑇𝑒
2

1 − Π
𝜔

𝑘𝑣𝑇𝑒
+

𝜔𝑝𝑖
2

𝑘2𝑣𝑇𝑖
2

1 − Π
𝜔

𝑘𝑣𝑇𝑖
≈ 

 

≈ 1 +
𝜔𝑝𝑒

2

𝑘2𝑣𝑇𝑒
2

1 + 𝑖
𝜋

2

𝜔

𝑘𝑣𝑇𝑒
−

𝜔𝑝𝑖
2

𝑘2𝑣𝑇𝑖
2

1

𝑧2
+

3

𝑧4
− 𝑖

𝜋

2
𝑧𝑒−

𝑧2

2  
𝑧=

𝜔
𝑘𝑣𝑇𝑖

= 

 

≈ 1 +
𝜔𝑝𝑒

2

𝑘2𝑣𝑇𝑒
2

1 + 𝑖
𝜋

2

𝜔

𝑘𝑣𝑇𝑒
−

𝜔𝑝𝑖
2

𝜔2
1 + 3

𝑘2𝑣𝑇𝑖
2

𝜔2
+ 𝑖

𝜋

2

𝜔𝜔𝑝𝑖
2

𝑘3𝑣𝑇𝑖
3
𝑒

−
𝜔2

2𝑘2𝑣𝑇𝑖
2
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𝑣𝑇𝑖 ≪
𝜔

𝑘
≪ 𝑣𝑇𝑒 

𝜀𝑙 𝜔, 𝑘 = 1 +
𝜔𝑝𝑒

2

𝑘2𝑣𝑇𝑒
2 1 + 𝑖

𝜋

2

𝜔

𝑘𝑣𝑇𝑒
−

𝜔𝑝𝑖
2

𝜔2 1 + 3
𝑘2𝑣𝑇𝑖

2

𝜔2 + 𝑖
𝜋

2

𝜔𝜔𝑝𝑖
2

𝑘3𝑣𝑇𝑖
3 𝑒

−
𝜔2

2𝑘2𝑣𝑇𝑖
2

= 0 

𝜀𝑙 𝜔, 𝑘 = 1 +
𝜔𝑝𝑒

2

𝑘2𝑣𝑇𝑒
2 −

𝜔𝑝𝑖
2

𝜔2 1 + 3
𝑘2𝑣𝑇𝑖

2

𝜔2 = 0 

𝜔2 =
𝜔𝑝𝑖

2

1 +
1

𝑘2𝑟𝐷𝑒
2

1 + 3𝑘2𝑟𝐷𝑖
2 1 +

1

𝑘2𝑟𝐷𝑒
2

 

𝜔2 =
𝜔𝑝𝑖

2

1 +
𝜔𝑝𝑒

2

𝑘2𝑣𝑇𝑒
2

1 + 3
𝑘2𝑣𝑇𝑖

2

𝜔2  

propagation 
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𝑣𝑇𝑖 ≪
𝜔

𝑘
≪ 𝑣𝑇𝑒 

𝜀𝑙 𝜔, 𝑘 = 1 +
𝜔𝑝𝑒

2

𝑘2𝑣𝑇𝑒
2 1 + 𝑖

𝜋

2

𝜔

𝑘𝑣𝑇𝑒
−

𝜔𝑝𝑖
2

𝜔2 1 + 3
𝑘2𝑣𝑇𝑖

2

𝜔2 + 𝑖
𝜋

2

𝜔𝜔𝑝𝑖
2

𝑘3𝑣𝑇𝑖
3 𝑒

−
𝜔2

2𝑘2𝑣𝑇𝑖
2

= 0 

𝑅𝑒 𝜀𝑙 𝜔, 𝑘 = 1 +
𝜔𝑝𝑒

2

𝑘2𝑣𝑇𝑒
2 −

𝜔𝑝𝑖
2

𝜔2 1 + 3
𝑘2𝑣𝑇𝑖

2

𝜔2 ≈ 1 +
𝜔𝑝𝑒

2

𝑘2𝑣𝑇𝑒
2 −

𝜔𝑝𝑖
2

𝜔2  

𝐼𝑚 𝜀𝑙 𝜔, 𝑘 =
𝜋

2

𝜔𝜔𝑝𝑒
2

𝑘3𝑣𝑇𝑒
3 +

𝜔𝜔𝑝𝑖
2

𝑘3𝑣𝑇𝑖
3 𝑒

−
𝜔2

2𝑘2𝑣𝑇𝑖
2

 

𝛿𝑙 𝑘 = −
𝐼𝑚 𝜀𝑙 𝜔, 𝑘 

𝜕𝑅𝑒 𝜀𝑙 𝜔, 𝑘 
𝜕𝜔

 

damping 
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𝑣𝑇𝑖 ≪
𝜔

𝑘
≪ 𝑣𝑇𝑒 

𝑅𝑒 𝜀𝑙 𝜔, 𝑘 = 1 +
𝜔𝑝𝑒

2

𝑘2𝑣𝑇𝑒
2 −

𝜔𝑝𝑖
2

𝜔2  

𝐼𝑚 𝜀𝑙 𝜔, 𝑘 =
𝜋

2

𝜔𝜔𝑝𝑒
2

𝑘3𝑣𝑇𝑒
3 +

𝜔𝜔𝑝𝑖
2

𝑘3𝑣𝑇𝑖
3 𝑒

−
𝜔2

2𝑘2𝑣𝑇𝑖
2

 

𝛿𝑙 𝑘 = −
𝐼𝑚 𝜀𝑙 𝜔, 𝑘 

𝜕𝑅𝑒 𝜀𝑙 𝜔, 𝑘 
𝜕𝜔

= −
𝜋

8

𝜔4

𝑘3𝑣𝑇𝑒
3

𝜔𝑝𝑒
2

𝜔𝑝𝑖
2 1 +

𝜔𝑝𝑖
2

𝜔𝑝𝑒
2

𝑣𝑇𝑒
3

𝑣𝑇𝑖
3 𝑒

−
𝜔2

2𝑘2𝑣𝑇𝑖
2

 

damping 

𝜕𝑅𝑒 𝜀𝑙 𝜔, 𝑘 

𝜕𝜔
= 2

𝜔𝑝𝑖
2

𝜔3  

𝜔𝑝𝑒
2

𝜔𝑝𝑖
2 =

1

𝑍

𝑀

𝑚
 𝑒𝑖 = 𝑍𝑒 𝑣𝑇𝑒

3

𝑣𝑇𝑖
3 =

𝑀𝑇𝑒

𝑚𝑇𝑖

3/2
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𝑣𝑇𝑖 ≪
𝜔

𝑘
≪ 𝑣𝑇𝑒 

𝛿𝑙 𝑘 = −
𝐼𝑚 𝜀𝑙 𝜔, 𝑘 

𝜕𝑅𝑒 𝜀𝑙 𝜔, 𝑘 
𝜕𝜔

= −
𝜋

8

𝜔4

𝑘3𝑣𝑇𝑒
3

𝜔𝑝𝑒
2

𝜔𝑝𝑖
2 1 +

𝜔𝑝𝑖
2

𝜔𝑝𝑒
2

𝑣𝑇𝑒
3

𝑣𝑇𝑖
3 𝑒

−
𝜔2

2𝑘2𝑣𝑇𝑖
2

= 

   

   =−
𝜋

8

𝑀

𝑚

1

𝑍

𝜔4

𝑘3𝑣𝑇𝑒
3 1 + 𝑍

𝑀

𝑚

𝑇𝑒

𝑇𝑖

3/2
𝑒

−
𝜔2

2𝑘2𝑣𝑇𝑖
2

 

𝜔𝑝𝑒
2

𝜔𝑝𝑖
2 =

1

𝑍

𝑀

𝑚
 𝑒𝑖 = 𝑍𝑒 𝑣𝑇𝑒

3

𝑣𝑇𝑖
3 =

𝑀𝑇𝑒

𝑚𝑇𝑖

3/2

 

damping 
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𝑣𝑇𝑖 ≪
𝜔

𝑘
≪ 𝑣𝑇𝑒 

𝛿𝑙 𝑘 = −
𝜋

8

𝑀

𝑚

1

𝑍

𝜔4

𝑘3𝑣𝑇𝑒
3

1 + 𝑍
𝑀

𝑚

𝑇𝑒

𝑇𝑖

3/2

𝑒
−

𝜔2

2𝑘2𝑣𝑇𝑖
2

 damping 

propagation 
𝜔2 =

𝜔𝑝𝑖
2

1 +
1

𝑘2𝑟𝐷𝑒
2

1 + 3𝑘2𝑟𝐷𝑖
2 1 +

1

𝑘2𝑟𝐷𝑒
2
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𝑣𝑇𝑖 ≪
𝜔

𝑘
≪ 𝑣𝑇𝑒 

𝜔2 =
𝜔𝑝𝑖

2

1+
1

𝑘2𝑟𝐷𝑒
2

1 + 3𝑘2𝑟𝐷𝑖
2 1 +

1

𝑘2𝑟𝐷𝑒
2 ;   𝛿𝑙 𝑘 = −

𝜋

8

𝑀

𝑚

1

𝑍

𝜔4

𝑘3𝑣𝑇𝑒
3 1 + 𝑍

𝑀

𝑚

𝑇𝑒

𝑇𝑖

3/2
𝑒

−
𝜔2

2𝑘2𝑣𝑇𝑖
2

 

𝑘𝑟𝐷𝑒 ≪ 1 

𝜔2 = 𝑘2𝑟𝐷𝑒
2𝜔𝑝𝑖

2 1 + 3
𝑟𝐷𝑖

2

𝑟𝐷𝑒
2 =𝑘2𝑍

𝜅𝑇𝑒

𝑀
1 + 3

𝑇𝑖

𝑍𝑇𝑒
    𝝎 = 𝒌𝒗𝒔; 𝒗𝒔 = 𝒁

𝜿𝑻𝒆

𝑴
𝟏 + 𝟑

𝑻𝒊

𝒁𝑻𝒆
  

 

𝛿𝑙 𝑘 = −
𝜋

8
𝜔 𝑍

𝑚

𝑀
1 + 𝑍

𝑀

𝑚

𝑇𝑒

𝑇𝑖

3/2

𝑒
−

3
2
−
𝑍𝑇𝑒
2𝑇𝑖  

𝑘𝑟𝐷𝑖 ≪ 1 

ion-acoustic oscillation 

𝒗𝒔 - ion sound velocity 

𝜔

𝜔𝑝𝑖
 

𝑘𝑟𝐷𝑒 

𝛿

𝜔𝑝𝑖
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𝑣𝑇𝑖 ≪
𝜔

𝑘
≪ 𝑣𝑇𝑒 

𝜔2 =
𝜔𝑝𝑖

2

1+
1

𝑘2𝑟𝐷𝑒
2

1 + 3𝑘2𝑟𝐷𝑖
2 1 +

1

𝑘2𝑟𝐷𝑒
2 ;   𝛿𝑙 𝑘 = −

𝜋

8

𝑀

𝑚

1

𝑍

𝜔4

𝑘3𝑣𝑇𝑒
3 1 + 𝑍

𝑀

𝑚

𝑇𝑒

𝑇𝑖

3/2
𝑒

−
𝜔2

2𝑘2𝑣𝑇𝑖
2

 

𝑘𝑟𝐷𝑒 ≫ 1 

𝜔2 ≈ 𝜔𝑝𝑖
2 

𝛿𝑙 𝑘 = −
𝜋

8
𝜔 𝑍

𝑚

𝑀

𝜔𝑝𝑖

𝑘3𝑟𝐷𝑒
3

1 + 𝑍
𝑀

𝑚

𝑇𝑒

𝑇𝑖

3/2

𝑒
−

𝜔𝑝𝑖
2

2𝑘2𝑣𝑇𝑖
2−

3
2  

𝑘𝑟𝐷𝑖 ≪ 1 

16 

𝜔 𝜔𝑝𝑖  

𝑘𝑟𝐷𝑒 

𝛿

𝜔𝑝𝑖
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Homogeneous isotropic degenerate plasma: 

𝜀𝑙 𝜔, 𝑘 = 1 +  
𝑒𝛼

2

𝜀0𝜔𝑘2  𝑑𝑝  
𝑘𝑣 

2

𝜔 − 𝑘𝑣 
 

𝜕𝑓0𝛼

𝜕ℰ𝛼
𝛼

 

ℰ𝛼 =
𝑝𝛼

2

2𝑚𝛼
 

𝜀𝑡𝑟 𝜔, 𝑘 = 1 +  
𝑒𝛼

2

2𝜀0𝜔𝑘2  𝑑𝑝  
𝑘 × 𝑣 

2

𝜔 − 𝑘𝑣 
 

𝜕𝑓0𝛼

𝜕ℰ𝛼
𝛼

 

• Fermi distribution function  𝑓0𝛼 ℰ𝛼 = 𝑓𝐹𝛼 =

2

2𝜋ℏ 3

𝑒𝑥𝑝
ℰ𝛼−ℰ𝐹𝛼

𝜅𝑇𝛼
+1

 

0

0.5

0 2 4 ~p 

𝜕𝑓𝐹𝛼

𝜕ℰ𝛼
= −

2

2𝜋ℏ 3 𝛿 ℰ𝛼 − ℰ𝐹𝛼  

ℰ𝐹𝛼 =
𝑝𝐹𝛼

2

2𝑚𝛼
=

3𝜋2 2/3ℏ2𝑁𝛼
2/3

2𝑚𝛼
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𝑘 
𝑝 = 𝑚𝑣  

z 

y 

x 

𝜀𝑙 𝜔, 𝑘 = 1 +  
𝑒𝛼

2

𝜀0𝜔𝑘2
 𝑑𝑝  

𝑘𝑣 
2

𝜔 − 𝑘𝑣 
 

𝜕𝑓0𝛼

𝜕ℰ𝛼
𝛼

 

𝜕𝑓𝐹𝛼

𝜕ℰ𝛼
= −

2

2𝜋ℏ 3
𝛿 ℰ𝛼 − ℰ𝐹𝛼  

𝜃 

𝜑 

𝑑𝑝 = 𝑝2 sin 𝜃  𝑑𝑝 𝑑𝜃 𝑑𝜑 𝑝 = 2𝑚ℰ 

𝑑𝑝 =
2𝑚3

ℰ
sin 𝜃  𝑑ℰ 𝑑𝜃 𝑑𝜑 

𝑘𝑣 = 𝑘
2ℰ

𝑚
cos 𝜃 

= −
2𝑚3

ℰ
 𝑑ℰ 𝑑 cos 𝜃  𝑑𝜑 

ℰ → ℰ𝐹𝛼 
𝑣 → 𝑣𝐹𝛼 

2𝜋 

 
𝑡2𝑑𝑡

𝜔 − 𝑘𝑣𝐹𝛼𝑡

1

−1

 𝑣𝐹𝛼 =
𝑝𝐹𝛼

𝑚𝛼
=

3𝜋2 1/3ℏ𝑁𝛼
1/3

𝑚𝛼
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𝜀𝑙 𝜔, 𝑘 = 1 +
4𝜋

2𝜋ℏ 3  
𝑒𝛼

2

𝜀0𝜔𝑘2

2𝑚3

ℰ𝐹𝛼
 

𝑘𝑣𝐹𝛼
2𝑡2𝑑𝑡

𝜔 − 𝑘𝑣𝐹𝛼𝑡

1

−1

 

𝛼

 

𝑣𝐹𝛼 =
3𝜋2 1/3ℏ𝑁𝛼

1/3

𝑚𝛼
 

𝑡 = cos 𝜃  → not time! 

𝜀𝑙 𝜔, 𝑘 = 1 +  
3𝜔𝑝𝛼

2

𝑘2𝑣𝐹𝛼
2

1 −
1

2

𝜔

𝑘𝑣𝐹𝛼
ln

𝜔 + 𝑘𝑣𝐹𝛼

𝜔 − 𝑘𝑣𝐹𝛼
 

𝛼
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𝑣𝐹𝛼 =
3𝜋2 1/3ℏ𝑁𝛼

1/3

𝑚𝛼
 

𝜀𝑡𝑟 𝜔, 𝑘 = 1 −  
3𝜔𝑝𝛼

2

2𝜔2
1 − 1 −

𝜔2

𝑘2𝑣𝐹𝛼
2

∙ 1 −
1

2

𝜔

𝑘𝑣𝐹𝛼
ln

𝜔 + 𝑘𝑣𝐹𝛼

𝜔 − 𝑘𝑣𝐹𝛼
 

𝛼

 

𝜀𝑡𝑟 𝜔, 𝑘 = 1 +  
𝑒𝛼

2

2𝜀0𝜔𝑘2  𝑑𝑝  
𝑘 × 𝑣 

2

𝜔 − 𝑘𝑣 
 

𝜕𝑓0𝛼

𝜕ℰ𝛼
𝛼
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𝜀𝑡𝑟 𝜔, 𝑘 = 1 −  
3𝜔𝑝𝛼

2

2𝜔2
1 − 1 −

𝜔2

𝑘2𝑣𝐹𝛼
2

∙ 1 −
1

2

𝜔

𝑘𝑣𝐹𝛼
ln

𝜔 + 𝑘𝑣𝐹𝛼

𝜔 − 𝑘𝑣𝐹𝛼
 

𝛼

 

𝜀𝑙 𝜔, 𝑘 = 1 +  
3𝜔𝑝𝛼

2

𝑘2𝑣𝐹𝛼
2

1 −
1

2

𝜔

𝑘𝑣𝐹𝛼
ln

𝜔 + 𝑘𝑣𝐹𝛼

𝜔 − 𝑘𝑣𝐹𝛼
 

𝛼

 

𝜀𝑙 𝜔, 𝑘 = 0 
 

𝑘2 −
𝜔2

𝑐2
𝜀𝑡𝑟 𝜔, 𝑘 

2

= 0 

Longitudinal  𝐸||𝑘 

Transverse  𝐸 ⊥ 𝑘 

Waves in the 

degenerate 

plasma 

ln 𝜔 − 𝑘𝑣𝐹𝛼 = ln 𝜔 − 𝑘𝑣𝐹𝛼 − 𝑖𝜋𝛿 𝜔 − 𝑘𝑣𝐹𝛼  only if 𝜔 < 𝑘𝑣𝐹𝛼! 
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𝑣𝐹𝛼 =
3𝜋2 1/3ℏ𝑁𝛼

1/3

𝑚𝛼
 

𝜀𝑙 𝜔, 𝑘 = 1 +  
3𝜔𝑝𝛼

2

𝑘2𝑣𝐹𝛼
2

1 −
1

2

𝜔

𝑘𝑣𝐹𝛼
ln

𝜔 + 𝑘𝑣𝐹𝛼

𝜔 − 𝑘𝑣𝐹𝛼
 

𝛼

 

Static limit 𝜔 → 0 𝜔 ∙ ln 𝜔 − 𝑘𝑣𝐹𝛼 → 𝜔 ∙ ln 𝜔 − 𝑘𝑣𝐹𝛼 − 𝑖𝜋𝛿 𝜔 − 𝑘𝑣𝐹𝛼 → 0 

ln 𝜔 − 𝑘𝑣𝐹𝛼 − 𝑖𝜋𝛿 𝜔 − 𝑘𝑣𝐹𝛼  only if 𝜔 < 𝑘𝑣𝐹𝛼! 

𝜀𝑙 𝜔, 𝑘 = 1 +  
3𝜔𝑝𝛼

2

𝑘2𝑣𝐹𝛼
2

𝛼

= 1 +
1

𝑘2𝑟𝐷
2
 

1

𝑟𝐷
2 =  

1

𝑟𝐷𝛼
2

𝛼

 𝑟𝐷𝛼 =
𝑣𝐹𝛼

3𝜔𝑝𝛼
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𝜀𝑙 𝜔, 𝑘 = 1 +  
3𝜔𝑝𝛼

2

𝑘2𝑣𝐹𝛼
2

1 −
1

2

𝜔

𝑘𝑣𝐹𝛼
ln

𝜔 + 𝑘𝑣𝐹𝛼

𝜔 − 𝑘𝑣𝐹𝛼
 

𝛼

 𝜀𝑙 𝜔, 𝑘 = 0 

𝜔

𝑘
≫ 𝑣𝐹𝑒 , 𝑣𝐹𝑖 𝑥 =

𝑘𝑣𝐹𝑒

𝜔
≪ 1 

ln 1 + 𝑥 ≈ 𝑥 −
𝑥2

2
+

𝑥3

3
−

𝑥4

4
+

𝑥5

5
 

ln
1 + 𝑥

1 − 𝑥
= ln 1 + 𝑥 − ln 1 − 𝑥 ≈ 𝑥 −

𝑥2

2
+

𝑥3

3
−

𝑥4

4
+

𝑥5

5
− 𝑥 −

𝑥2

2
+

𝑥3

3
−

𝑥4

4
+

𝑥5

5
= 

 = 2𝑥 ∙ 1 +
𝑥2

3
+

𝑥4

5
 

… … = 1 −
1

2𝑥
ln

1 + 𝑥

1 − 𝑥
= −

𝑥2

3
−

𝑥4

5
 

𝜀𝑙 𝜔, 𝑘 = 1 −  
3𝜔𝑝𝛼

2

𝜔2

1

3
+

𝑥2

5
 

𝛼

 



24 

𝜀𝑙 𝜔, 𝑘 = 1 +  
3𝜔𝑝𝛼

2

𝑘2𝑣𝐹𝛼
2

1 −
1

2

𝜔

𝑘𝑣𝐹𝛼
ln

𝜔 + 𝑘𝑣𝐹𝛼

𝜔 − 𝑘𝑣𝐹𝛼
 

𝛼

 𝜀𝑙 𝜔, 𝑘 = 0 

𝜔

𝑘
≫ 𝑣𝐹𝑒 , 𝑣𝐹𝑖 

𝜀𝑙 𝜔, 𝑘 = 1 −  
𝜔𝑝𝛼

2

𝜔2
1 +

3

5

𝑘2𝑣𝐹𝛼
2

𝜔𝑝𝛼
2

=0

𝛼

 

𝝎𝟐 = 𝝎𝒑𝒆
𝟐 𝟏 +

𝟗

𝟓
𝒌𝟐𝒓𝑫𝒆

𝟐  

𝑟𝐷𝛼 =
𝑣𝐹𝛼

3𝜔𝑝𝛼

 

Maxwellian plasma: 

 

𝜔2 = 𝜔𝑝𝑒
2 1 + 3𝑘2𝑟𝐷𝑒

2  

𝛿 𝑘 = −
𝜋

8
∙

𝜔𝑝𝑒

𝑘3𝑟𝐷𝑒
3

∙ 𝑒
−

1
2𝑘2𝑟𝐷𝑒

2−
3
2 

Landau Damping 

But: no damping for degenerate plasma! 
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𝜀𝑙 𝜔, 𝑘 = 1 +  
3𝜔𝑝𝛼

2

𝑘2𝑣𝐹𝛼
2

1 −
1

2

𝜔

𝑘𝑣𝐹𝛼
ln

𝜔 + 𝑘𝑣𝐹𝛼

𝜔 − 𝑘𝑣𝐹𝛼
 

𝛼

 𝜀𝑙 𝜔, 𝑘 = 0 

𝜔

𝑘
≫ 𝑣𝐹𝑒 , 𝑣𝐹𝑖 

𝑟𝐷𝛼 =
𝑣𝐹𝛼

3𝜔𝑝𝛼

 

𝜀𝑙 𝜔, 𝑘 = 1 +
1

𝑘2𝑟𝐷𝑒
2

1 −
1

2

𝜔

𝑘𝑣𝐹𝛼
ln

𝜔 + 𝑘𝑣𝐹𝛼

𝜔 − 𝑘𝑣𝐹𝛼
= 0 

𝑘2𝑟𝐷𝑒
2 + 1 −

1

2

𝜔

𝑘𝑣𝐹𝛼
ln

𝜔 + 𝑘𝑣𝐹𝛼

𝜔 − 𝑘𝑣𝐹𝛼
= 0 𝐵 =

𝜔

𝑘𝑣𝐹𝛼
 

2𝑘2𝑟𝐷𝑒
2 + 2 = 𝐵 ln

𝐵 + 1

𝐵 − 1
≫ 1 𝐵~1+. . 

𝐵 = 1 + 𝜀 𝑒−2𝑘2𝑟𝐷𝑒
2−2=

𝜀

2+𝜀

1+𝜀
≈

𝜀

2
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𝜀𝑙 𝜔, 𝑘 = 1 +  
3𝜔𝑝𝛼

2

𝑘2𝑣𝐹𝛼
2

1 −
1

2

𝜔

𝑘𝑣𝐹𝛼
ln

𝜔 + 𝑘𝑣𝐹𝛼

𝜔 − 𝑘𝑣𝐹𝛼
 

𝛼

 𝜀𝑙 𝜔, 𝑘 = 0 

𝜔

𝑘
≫ 𝑣𝐹𝑒 , 𝑣𝐹𝑖 

𝑟𝐷𝛼 =
𝑣𝐹𝛼

3𝜔𝑝𝛼

 

𝐵 =
𝜔

𝑘𝑣𝐹𝛼
 𝐵 = 1 + 𝜀 𝑒−2𝑘2𝑟𝐷𝑒

2−2=
𝜀

2+𝜀

1+𝜀
≈

𝜀

2
 

𝜔 = 𝑘𝑣𝐹𝛼 1 + 2𝑒−2𝑘2𝑟𝐷𝑒
2−2  

“zero-point sound” 
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𝜀𝑙 𝜔, 𝑘 = 1 +
3𝜔𝑝𝛼

2

𝑘2𝑣𝐹𝑒
2

1 −
1

2

𝜔

𝑘𝑣𝐹𝑒
ln

𝜔 + 𝑘𝑣𝐹𝑒

𝜔 − 𝑘𝑣𝐹𝑒
= 0 

𝜔 = 𝑘𝑣𝐹𝛼 1 + 2𝑒−2𝑘2𝑟𝐷𝑒
2−2  

“zero-point sound” 

𝜔2 = 𝜔𝑝𝑒
2 1 +

9

5
𝑘2𝑟𝐷𝑒

2  

𝜔 𝜔𝑝𝑒  

𝑘𝑟𝐷𝑒 

Maxwellian plasma 
𝜔2 = 𝜔𝑝𝑒

2 1 + 3𝑘2𝑟𝐷𝑒
2  

Landau Damping 



 Waves in homogeneous Maxwellian plasma:      
◦ High frequency transverse waves 𝜔2 = 𝜔𝑝𝑒

2 + 𝑘2𝑐2 

◦ Short wavelength longitudinal oscillations (strongly damped) 
𝜔

𝑘𝑣𝑇𝑒
=

𝜋

2ln 𝑘2𝑟𝐷𝑒
2

− 𝑖 2ln 𝑘2𝑟𝐷𝑒
2  

◦ Longitudinal waves: intermediate frequency range (𝑣𝑇𝑖 ≪
𝜔

𝑘
≪ 𝑣𝑇𝑒): 

 ion-acoustic waves: 𝜔 = 𝑘𝑣𝑠; 𝑣𝑠 = 𝑍
𝜅𝑇𝑒

𝑀
1 + 3

𝑇𝑖

𝑍𝑇𝑒
  , damping 

 short wavelength:𝜔 ≈ 𝜔𝑝𝑖,  damping 

 

 Dielectric permittivity for degenerate plasma 
◦ Longitudinal 𝜀𝑙 𝜔, 𝑘 = 1 +  

3𝜔𝑝𝛼
2

𝑘2𝑣𝐹𝛼
2 1 −

1

2

𝜔

𝑘𝑣𝐹𝛼
ln

𝜔+𝑘𝑣𝐹𝛼

𝜔−𝑘𝑣𝐹𝛼
 𝛼  

◦ Transverse 𝜀𝑡𝑟 𝜔, 𝑘 = 1 −  
3𝜔𝑝𝛼

2

2𝜔2 1 − 1 −
𝜔2

𝑘2𝑣𝐹𝛼
2 ∙ 1 −

1

2

𝜔

𝑘𝑣𝐹𝛼
ln

𝜔+𝑘𝑣𝐹𝛼

𝜔−𝑘𝑣𝐹𝛼
 𝛼  

 

 Longitudinal waves in degenerate plasma 
◦ Debye shielding 𝑟𝐷𝛼 =

𝑣𝐹𝛼

3𝜔𝑝𝛼
 

◦ High frequency longitudinal  plasma waves 𝜔2 = 𝜔𝑝𝑒
2 1 +

9

5
𝑘2𝑟𝐷𝑒

2   no damping! 

◦ High frequency short wavelength longitudinal  plasma oscillations: 

   𝜔 = 𝑘𝑣𝐹𝛼 1 + 2𝑒−2𝑘2𝑟𝐷𝑒
2−2   “zero-point sound” 

 Next:  
◦ Ion-acoustic waves in degenerate plasma 
◦ Transverse high frequency waves in degenerate plasma, skin-effect 
◦ General classification of waves in collisionless plasma 

◦ Kinetic approach with paqrticle collisions 

28 


