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Discussed last time...

» Longitudinal low frequency waves in degenerate plasma:
> Intermediate phase velocity range vgp; < % K Vpe

4
w _“)mz/(1+3wpez); slk)=-2_2 .1

> lon-acoustic waves: w = kv,; v; = =< |
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- Damping in partially degenerate plasma: §'(k) = _m_w M \/E w' _T2k%er?

» Transverse waves in degenerate plasma, skin-effect
> High frequency w?* = wy,e? + k?c?

4vp,c? 1/3 1
> Anomalous skin-effect: A, = 2 (—Fe > ) ~ 173
3MTWpe“w w1/

» General classification of waves in collisionless plasma
- Transverse (high and low frequency) and longitudinal
- Degenerate and nondegenerate plasma
»  Kinetic approach with particle collisions
- Boltzmann collision integral - intro
» Not yet:

> Collision mtegrals - Fokker-Planck EQN:
Charged particles - Lenard-Balescu collision integral,
Landau formula, Coulomb logarithm

Model integral for elastic particle scattering — BGK
?Degenerate plasma




Particle collisions

fa > afa'

Vlasov equation w/o collisions:

_|_

0 0 0
fa 5 Ofa + ea(E + 5 % B]) f“ = fa = collision integral
at 0 ot col




Kinetic approach to plasma (L6)

Plasma (gas) parameter:

_ Upot
n= E, K1
» particle distribution function for N particles: e.g. for Coulomb interaction:
— — — 2N1/3 2
fN(t; 1, 12, -, N, P1, D2, --.;pN) n= e’N ~<(T>> K1
dmegkT \1p,
» for noninteracting particles (collisionless plasma)
fN(t, r, 2, ..., TN, P1, P2, ""pN) — i=1 f(t, 1, pl) >T] [ >V|asEQN

» probability that the particle is within the volume
d7 dp around the point 7, p of the phase space at the
t time moment:

f(t,7,p)drdp




Kinetic approach to collisions In plasma

? 7’]1-) L. Boltzmann

df, (3f\ _~C(0f\7
a=(3) 7 2(5) = Lwten
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Boltzmann collision integral:

Iog(fur f3) = — j dppdpgdpe W (P Pp Pa Pg) * [fa @) f5(Pp) — fa @) 5 (Pp)]
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scattering probability




Boltzmann (elastic) collision integral

log(faur f5) = — J dppdpgdpa W (P P Pa Pg) * [fa @) f5(Pg) — fa o) f5(Pp)]
Problem: to calculate the probability W (pe, pg, Pe P)-

Suppose: the potential energy of interactions of two particles is the function of
their distance only:

U(Jre = rol) = [ dleUGeCers)
The Fourier transform U(k) of the interaction potential U(r) is given:

f dr U(|r|)e T

U(k) = K
How to proceed?

I Let us use the quantum mechanical (QM) approach and Born approximation:

the probability of scattering of 2 particles > from evaluation of the elements of the
interaction matrix using unperturbed initial and final states (interaction energy is
small compared to the kinetic energy:

(|U] - interaction radius « # - velocity of of the scattered particle)

2
W(Pa Pp P Pp) = 277: |Upa,pﬂ,p&mk| 5|(€a +€p) — (€a + &p)]



Born approximation
log(far fp) = — f dppdpgdpa W (Pa, P Pa Pg) " [fa @) S5 (Pg) — fa o) f5(Pp)]

2
W(pa' pﬂ'pél' plﬁ) = 2?“ |Upa,plg,p{x,p;;| 5[(8& T Eé) - (Sa + gﬁ)]

The wave function of a free nonrelativistic particle with

2
momentum p and energy € = £ 1 ( g p-r)
2 exp

m — —g —  ——
v, (2rh)? lht-l-l "

The interaction matrix:

Upapppiny = J dk U(k)(po|e™ |pa)(pgle ™"t |pp)




Born approximation

2
W (P Pp P Pp) = 5 |Upunptory| S1(Ee+ E5) = (€a+ &)

The interaction matrix: Upepppiny = J dk U(k)(py|e®Te|py)(pp|e™ ™ |pp)

1 E .
g =Tqo + vat b g exp(—i—t+iu>

P~ (2nh)? h n
Py’ PP
(Do|eTe|py) = S(Py — Do + 1K)S (2:%{ — 27:“ + hkva>

;2 2
! —ik: ] p p
(pgle ‘kr”|1’ﬁ)=5(l’ﬁ—l’ﬂ—hk)5< £ _F —h’“’ﬂ>

“interaction quantum”
Ap= hk
hkv,=hkvg



Boltzmann (elastic) collision integral
0f\*
(E) = Iup(fur f3) = — J dppdppdpa W (Pa P Po Pp) - [fa @) f3(Pp) — fa ) f5(Pp)]
W (D Pp Pl D) = 2 U] S1(E+E8) = (Ea+ E)]

Upapppiply = f dk U(K)(Pe|e™ " |p)(Pgle™ ™ |pp)

pe’  Pa’

2mg  2mg

(pe|e™ |pa) = 6(pe — pa + hk)6< + hkva)

2 2
l; —ikr _ ro_ _ pﬁ p _
e~ log) =50 -y - 499 (5o -2 — e,

aﬁ(fa fﬂ) &

2
jdp dk_ o 5| @ hiO? (pg+ k)" p2  pg°
B (2m)3 2my 2my 2m, 2myg

X [fu @) f3(Pp) — faPa — 1) f3(pp + 1iK)]

Classical limit: hk < pg, pg




Boltzmann (elastic) collision integral

Classical limit: ik < pq, pg U=V, — Vg
2 dk (pe — hk)?  (pp + k)" po? Pp’
lap(far i) _Tjdp" (2n)3|U(k)|2'6< 2my, T 2mg;  2m, 2myg %
/ X fa@)fs(Pg) = fa@a — 1R f5(pp + k)]
1
6(—hku) = 70 (ku) h2k;k;
2

0 /

e
0f(Pa) dfp(Pp)
aﬁ(fa fﬁ) — apdepp %ijaﬁ(pa,m;) apa] fﬂ( B) fa a) ap[;]
u2

T — U;U;
#:;% (Pa p) ==- uzl 4 j (2n)3k2 dk - |U(K)|? - 6 (k)
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The Fokker-Planck Equation
i) (5), (%) =L

% —> fa
at U or

afa afa 0fq d ( 0fq )
+e E+|vXB — = D; — A;
at Ve “( [ D op  0p,y, 2 0Py Ja

Diffusion in momentum space> Dy = Zfdp,; 7% (P Pp) f5(Pp)
B

Friction in momentum space > A, = Zfdpf” %ij“ﬁ(Pa pp) afﬁ(Pﬁ)
) ap ;
B Bi

u® — uu;

1y (P Pg) = = [ @mi de 1wao - s

2?7U(r) » U(k)
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Collision Integral: charged particles

Dy = Z f dpg ;" (P Pp) 5 (Pp)

af“ ¥ f“+ea(E+[va])af“= 0 <D--%—Ai-fa>

FIET 0B 0pg \ ~ Opg; 0f5(pg)

BJ

A = fdpﬂ Hij P (Do B)

2

u ul]

1y (Parp) = 5z | @K dk- U GOF? - (k)

220(r) » Uk)

Ca > Tg =Tt Vgt

Vg

divD =e, 6(r —ry g — vyt )




Collision Integral: charged particles

From L3 >

From L4
(Problem 4.1)

div D = €a 5(1‘—1"“0 _vat)

D(t,7) = fdwdeD(w, E)e—iwtﬂ%f

E(t,7) = fdwde E(w, E)e—iwtﬂ%f

Di((l), E)) = SOSij(a), E)Ej(w’ E)

1
6(7' —Tq ) - (27.[)3
E(t,7) = —Vd(|rg — 7))
- ptk(rg—1)
_ = dk
CD(lTa rl) (27-[)3goj kikjgij(kva: k)

j dk etk(r—1a)
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Collision Integral: charged particles

. ptk(rg=7)
_ = dk
(D(lra rl) (27-[)350 j kikjgij(kva; k)

r
Q%L e.e eikr
v, U(r) = eg® = —F fdk

(271')380 kikjeij(kva, k)

FT/
e ep 1
(27'[)380 kikjeij(kva, k)

U(k) =
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Lenard-Balescu collision Integral

eqep 1

U(k) = (27'[)380 kikjgij(kva; k)

N

j(Zn)3k2 dk - |U(k)|? - 6 (ku)

u — uiuj

T
P (Do pﬁ) =5

kernel of the collision

( eqep )Zf 2)? i kik; 5 (kvy — ko) Dynamically screened
7T .
|kikj€ij (kvg, k) |2 integral

Dyj = Z f dpg xij" (Pe Pp)f5(Ps)

3 o e 220

Ve 520 4 oy(F + [ B Lo = 2 (p..%—Ai-fa>

0P 0pg \ " Opg;
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Landau Formula, Coulomb logarithm

2 U=V, — 7V
€qe kiki6(kv, — kv a B
;P = 7t<8 a3ﬁ > j(Zn)3 dk - —2 (kv 32)
=& |kikj£ij(kva,k)|
Case of vacuum: g;; = §;; 1

/kmax ~ o

N

kmin"’

T'm ax

foo% - fk”"“x% = In (M) =In (r’"“x) = L = Coulomb logarithm

kmin

0 k Kmin k

Tmin
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Landau Formula, Coulomb logarithm

Plasma (gas) parameter:

2 2 Upot
1 [eye U — u;u; n=—"--«1
%..“.B B . ]-L Ey

Y 8m\ & u?

Coulomb logarithm L =1In (%) =In (:’"?x) — Landau (1936)
1T T 1 ()

= Kmax = =

k. .
min 2
[8)) Tmin e

L>1 < kmin _ €°N5

kmax B 80<€>

Gas-discharge,

. 10...20
ionosphere

Semiconductor

(nondegenerate) 10

Metals (degenerate) X 1
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Landau equation

U=v, — Vg

aa - a aa
Ve 4 5 4 eo(E +[5x B) 2= f _

B d 1 eaeﬁ ? A — Uju; 0foa(Da)
—_ dpﬂ — . L . > .
: 0D y; 8\ & u

0Dy

f3(pg) - fa<pa)

Landau equation =» kinetic equation for a
completely ionized plasma taking account
of two-particle Coulomb collisions
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Relaxation of the mean velocity

Problem 10.1: Calculate the relaxation of the mean velocity for electrons
distributed according to a shifted Maxwellian in a completely ionized plasma.

N, m(v — u(t))zl

(2mmkT,)3/2

fe() = exp [—

Assumptions: v, » v; and vy, > vy,

. 2 2 _ i
afe= 0 fdvii<eel> 'L'v vzvsv]_ [afe(v)fl( ) fe() f( )

xvjdp

at  dvq

au_ 1 ee; 2 LNljd 2V
at  8m\meg, N, P e E
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Relaxation of the mean velocity

S GG
(2mmkT,)3/? 2xT,

du 1 [ee 2 L-Nl-jd 2v
dt  8m\meg, N, P e 3

fe(v) =

Assumptions: u < vr,

ou . 1 21 e®e;”L - N, :>Effective frequency of
— T — v - ] . . .
ot Veff eff 12”2802 o (kTe)g/z electron-ion collisions
1 . : :
Ty_reiax~—— "2 the relaxation time of the directed electrons

Verf
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Particle collisions in the degenerate plasma

 Pauli’s exclusion principle: at most two fermions (electrons or holes) can
occupy the same state (= p)
- Each state in phase space has the volume (2rh)3

2

o dk (po — hk)?  (Pp+1Kk)"  pg2  pg?
— 2, —

Iaﬁ(foufﬁ) T h fdpﬁ (271-)3 IU(k)l 6( 2m, + Zmﬁ Zma Zmﬁ

-
-
-

(Zﬂ )’

2
@) |1 Lo mo}{l - E g + hi) -
Th)? 2mh)?
o fa(pa - hk)fﬂ(pﬁ + hk) ] {1 ( ) fa( a)} {1 _ ( T; ) fﬁ(pﬁ)}]
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Particle collisions in the degenerate plasma

( 2)

NB: nondegenerate case: Iz(fy, fz) = fdpﬁ ii? (PaPp) af“(p“)fg(pg) fa(pa)

hk < pa, g

~

aﬂ(fa:fﬁ) —

0fy 9f] (2 fl)3
fdpp 7% (D pp)[ azfmap[i{ m (fo + f,g)}_

0%f, (2nh>3 2f (2nh)?
- 'fﬁ{l fﬁ} apﬁiapﬁjfa{l_ 2 fa}]

i j @r)3k? dk - [UCK)[? - (k)

kT, - Er
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Summary

Kinetic approach with particle collisions
> Boltzmann collision integral — using QM approach and Born approximation
o The Fokker-Planck equation — diffusion and friction in momentum space

0fa | ,0fa 0fa 0 < 0fa )
24 5224 e (B + [BxB])=% = Dj;—% — A; -
ot or a( [v D g Opy, \ Y ODaj i*fa

of
Dl] = Zﬁfdpﬁ J'fijafﬁ(pa' pﬁ)fﬁ(pﬁ); Ai = Zﬁfdpﬁ %U (pa: pﬂ) ﬁ(pB)

(Pwl’ﬁ)—n % f (2m)3k? dk - [U(K)|? - § (k)

> Collision integral for charged particles
- Lienard-Balescu integral - Dynamically screened kernel of the collision integral

. aB — afp 2m)3 dk - kikj8(kvg—kvg)
Hij 77:(8”3 ) f( ) |kikj€ij(k17a,k)|2

- Landau Formula, Coulomb logarithm =» Landau equation

2 2
o c.ap — i (eaeﬁ) . uTuiy . oo%_ — kmax — Tmax \— £0(E)
Hij 8m \ g u? fO k'’ L ln(kmin) In (rmin) In oZNS

Relaxation of the mean velocity:

. . - . I . 1 2m eZe2LN;
- effective frequency of electron-ion collisions in a completely ionized plasma: v, s = i m G
0

Particle collisions in the degenerate plasma
(27Th)3f
a

Pauli's exclusion principle 2> 1 —
»  Next: Collision integrals for neutral particles:
dfa\ %P
(a_:) = —Vap " (fo = Na®Pap)

“p (anakTaﬁ)3/2 2kTap

- Model integral for elastic particle scattering - Bhatnagar-Gross-Krook =BGK

_ maTp+mpTy

Mmgt+mpg
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