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Motivation

* To accelerate the electrons ideally the laser pulse position on the cathode

and the solenoid are aligned

* To approach a perfect alignment, misalignments must be quantified and
corrected for. A method is proposed using the positions of the electrons on
the YAG screen of the photogun, measured as a function of the magnetic

field strength B in the solenoid

resulting figures of such measurements
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* The tighter the points to each other, the better the alignment
e Based on those measurements, misalignment can be simulated



Electromagnetic Fields of the
Photogun ok

* Electric Field inside the Gun-Cavity is described by:

EZ(Z: t) =Ej - Ez,norm ’ Sin(wt + (PO)

E, - Amplitude of the electric field ~ 60 MY/,

E; norm - Normalized field distribution of the cathode
W - Angular frequency of the standing wave

@9 - Phase of the wave at release of electrons

* Magnetic Field of the Solenoid is
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Equations of motion

* The force equation of the motion of an electron:

dP
E — FL — FE + FB
* The velocity:
dx
—_— v
dt
e With: ¢ - time
P =ymd - momentum
FL) - Lorentz force
F_E> = ¢E - force by the electric field
Fz =eb X B - force by the magnetic field
X - position
U - velocity
y = ! - Lorentz factor
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Equations of motion

—

* Using E = %yields:

d mv = > —
— —e-E+evXB
dt 02
1-=
C

d - e —= e = —
ayﬂ—%Eﬁ';ﬁXB

* That results into the 6-dimensional differential equation system:

d > e E n e 14 v §
drp " moc mw /1+p2
d - D
_X — >
dt 1+p
e With: T = wt - dimensionless time
5 _ v p : ) _
=—-= - dimensionless velocit
ﬁ c 1/1-|-p2 y
ﬁ = By - dimensionless momentum
X = 55% - dimensionless position



Numerical solution

* 4t order Runge-Kutta algorithm

* Time is discretized into N intervals per period
- every time step is AT = 27 long

* The system of differential equation is defined as F and its solution as Y

such as:
Y(2) = <p>
X
© E)(T,?)-l- e _p xﬁ(r,?)
2y (1) = F(1,Y) = e N

p

V 1+p?



Numerical solution

With the starting conditions

P 0 Xx,O
Y(r=0) = ( 0>, withpg = 0 |and xo = | Xy.0
Xo 0 0

* Xo is where the laser hits the cathode

For the (n+1)-st step there are the following temporary solutions:

I?n 1 = At ﬁ(rn, Yn)

Kn1
Yn + L=

2 2

Kn3 = AT F(Tn+ATY +an

n2 = AT - F(Tn

Kp4 = AT F(Tn + AT, Y, + Rpns)

Which will be added to the previous solution Y,, as follows:

%% Vv Kn,l Kn,z Kn,3 Kn,4



Coding of the simulation

* The simulation is coded with MATLAB

* Three classes have been made:
* The fields of the RF-Gun
* The magnetic field of the solenoid
* The tracker which is simulating the path of one electron

* The tracker uses one object of each class to calculate the momentum
and location of the electron



Class of the RF-Gun

1 classdef RF_Field < handle
2= properties
3 filename % filename of field distribution
4 C = 299792458 % lightspeed m/s
5 f =1.3e9 % 1.3GHz
6 k % wavenumber
7 z % z-values of field distribution
8 zeta % dim-less z-values
9 phi@ % startingphase
10 E@ % amplitude of the electric field
11 Ez_norm % normed field distribution
12 Ez _1dif % 1st differentiation of normed field
13 Ez_2dif % 2nd diff
14 Ez_3dif % 3rd diff
15 end
16 = methods
17 [ function obj = RF_Field(E_filename, E @) % constructor (5]
30
31 [+ function obj = setE@(obj, E_ @) % setting amplitude (-]
34
35 [# function obj = setPhi@(obj, phi@ degrees) % set starting phase[;E]
38
39 [#] function deriv = GetDeriv{obj,Fz,z) % derivation method [(:-)
48
49Ei function [E,B] = getField(obj,xk,yk,zk,tau) % return E,B fields of the RF-Gun at a certain point(:::)
76
77 = function plot2DField(obj,Fignumber) % plotting 2D E-field(:l:)
92
93 [4 function plotlDField(obj, Fignumber, Ez_or Er, r_z in m) % plotting either B_z or B _r at certain r or z (S
115 end
116 - end




Class of the solenoid-field

1% classdef Sol Field < handle

2 properties
3 main_filename % filename of field distribution
4 buck
5 c = 299792458 % lightspeed m/s
5] f = 1.3e9 % 1.3GHz
7 k % wavenumber
8 BB % maximum field strenght
9 z % z-values of field distribution
10 zeta % dim-less z-values
11 Bz_norm % normed field distribution
12 Bz_1dif % 1st diffrerentiation of B-field
13 Bz_2dif % 2nd diff
14 Bz_3dif % 3rd diff
15 xk_sol off = 8@
16 vk sol off = @
17 zk_sol _off = @ % dim-less x,y,z-alignment of solenoid
18 pitch_deg = @
19 vaw _deg = @ % pitch,yaw of solenoid
20 B _const_ T % values of a constant magnetic field
21 end
22
23 [ methods
24 [#] function obj = Sol_Field(mainfilename, B_®) % constructor -]
40
a1 [+ function obj = setB@(obj, B_@) % setting Bo (-]
a4
45 [+ function obj = setSolPlacem(obj,x mm,y _mm,z_mm,pitch_degrees,yaw degrees) % setting solenoid alignment@
52
53 [+ function deriv = GetDeriv(obj,Fz,z) % derivation method (s:-]
62
63 [ function B = getField(obj, xk,yk,zk) % return B-field at a certain point@
98
91 [+ function plotlDField(obj, Fignumber, Bz_or_Br, r_z_in_m) % plotting either B_z or B_r at certain r or 4 )
113
114 [+ function plot2DField(obj, Fignumber) % plotting the 2 dimensional field(:-"]
128
129 [+ function obj = set_B_const(obj, Bx_uT, By _uT, Bz_uT) % setting constant a magnetic field (o)
134 end
135 -  end
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Class of the particle tracker

13
2]

15
16
17 |
1B }
19 |
201
21
27 |
2821
i
324
35 |
363
a9
a1 =]
45
a6 171
59
60 [+
o7
98 [+
10
182 [+
186 |
107
122
1232
134
135 [51
102
193 [+
224
275 |
226

classdef PartTracker ¢ handle

end

properties

end

c = 29979
f = 1.3e9
e -1.60
m=9.109
k

RFField
Solfield
PartTrack
PartTrack
%(1,2,3):
zend = @
zeta_end
steps = 1
laser _x o
laser y o

methods

end

function
function
function
function
function
function
function
function
function
function
function
function

[Function

2458 X lightspeed m/s
% 1.3GHz
2e-19 X eolementry charge C = A®s
e-31 % electron mass
% wavenumber
% itF-Field object
% Solenocid-Field object
norm X Tracked particle in normed units
_unit % Tracked particle in ST units
P {x,y,2) | (4,5,6):x,¥,2 | (7):itime

.803 X in m | default end of tracking

% dimesionless end of the tracking
) % time steps per Pericd
t‘f_m =0 X

ffaom « @ %X x,y starting point of electron

obj = PartTracker(RF_Field,Sol_Field) X constructor with rF and Sol-Field objects (]
obj = setSteps(obj, Steps default 100) X setting steps per| period[]

obj = setSolField(obj,Sol_Field) X setting new solanid field object )

obj = setZ end(obj, z_End_m) X setting end of !Jacking[::j

obj = setOffset{obj,x_off_mm, y_off_mm)X setting starting %osition[::]

obj = Tracking(obj) X tracking parfi(lﬁE::

Y = Track_sim(obj) % simulation of uarkln]r (used for Tracking(obj) method)[Z:]
Y = GetTrack(obj) X returns tracked Aarticlc (PartTrack unit)lzza
Y « GetEndState(obyf) X returns last enlﬁtes of PartTrack_unit()

F = GetRightside(obj,Y,tau) % used for RK& in lLack;sin(obi)[::]

F = GetForce(obi) X used for pxm_owLViMEI

Ed

\
plot_Overview(obj,Fignumber) plotting an Gvervﬁew of the result of the simulation[]

x = Screen_for_alignment{obj, I_vec, Input) X returns ebding postions for different solenoid currents (I_vec)s[=]
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Results: 1D-dynamic

* Calculated for different ¢, and E yields:

Impuls (ber Zeit
fir verschiedene Statphasen,; mil Eo = 30 MeV/c

Momentum over time

EZ(Z: t) = Ey - Ez,norm - sin(wt + @)

Impuls (ber Zeit
fir verschiedene Statphasen; mil EQ = 60 MeV/c
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‘Exotic’ Phases

4
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Convergence and computing-time

* Investigation of the stability and convergence of the algorithm for different ¢,:

Konvergenz und Rechenzeit
in Abhangigkeit der Zeitschritte pro Periode; bei E(J = 30 MV/m
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Comparison with ASTRA:
final momentum vs launch phase

* Momentum at the end of the simulation depending on ¢,

* |deal alignment:
e electron was released on the RF-Gun axis

* the solenoid axis is on and parallel towards the RF-Gun axis

Endimpuls iiber Startphase

mit E0 = 30,9 MV/m
3.6

doccooeoeedo0eottesade. !
s O880ee0g,,-

960606, P_- ASTRA
34 )U(me o P,-hier ]
321 Sog,
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Phase in Grad

* Average difference is 0.002%



Comparison with ASTRA:
final position

e Laser does not hit the cathode in the middle
e Without field of the solenoid

* Position at the end of simulation depending on ¢, for two different
starting positions

Endposition uber Stariphase Endposition tiber Startphase
ohne Solenoidield; mit Laser Offsetin x: imm:  bei E, = 30,9 MVim ofne Solencidfeld, mit Laser Offsetin xc Tmm,  bei E; = 30.9 MVim
9550058550 CEaOaSSEBSE00e058555000,
e = = = O P - - o
e = S L B e = o i
Lo Se 4 et S,
,';':’- i \:r g ;,":3“:-'-"-" o=
o8 -
’ ’,_?3’_{:‘{' W T p— = et
e x-Pos - ASTRA
£ 3¢eee y-Pos- ASTRA £
< 5 xPos-hie =
= & ¢Pos-hier = x-Fos - ASTRA
é ; 1 y-Pos - ASTRA
¢ ¢ x-Pos - hier
g g. 4 y-Pos-heer
w1 u
A
....................................................................... AN a s
-1 J
2 80 70 80 %0 2 30 40 50 &0 70 80 20
Stariphase in Grad Siariphase in Grad

* Average difference is 0.091% 16



Comparison with ASTRA:
final position with solenoid field

e Simulating the ending position depending on the magnetic field strength
* The solenoid is perfectly aligned

* The laser hits the cathode with an offset of (x,y) = (1mm, —0.5mm)

Endposition mit Solenoidfeld

5 ~
x-Pas - ASTRA ASTRA
sl y-Pos - ASTRA 3t O hier
! o O %-Pos - hier
& & P -Pas - hi
o Gl :-f as ler | -’(__1,_—{-']
ar Tl. ;f—rf ‘c', 2 — H-c\

= - ma
}/
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_-"'B'-f
e
S
o
=
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- i’:f»-
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- ,—-‘:' s
| __‘&\L—w\%\
¥

Endposition in mm
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-3 : . : . ! . .
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* Average difference is 0.12%



Comparison with ASTRA:
final position with solenoid field

e Laser is perfectly aligned

Solenoid has an offset of:
(x,y) = (Imm, 0mm)

Solenoid has an offset of: I
(x,y) = 1mm,-0.5mm) . | /

* Average difference is 0.2%



Comparison with ASTRA:
final position with solenoid field

* Laser has an offset of (x,y) = (1mm, —0.5mm)

* Solenoid has an offset of (x,y) = (1mm, —0.5mm)

Endposition mit Solenoidfeld

Endposition in mm
oo b 2 o - v e =
[A]
B o Q
& o < xR
[ Ini] O DD
Py (=== =}
@ [ T
S TZ>=>
& . g9y
"y ‘\I.
ol 5
&
i)
z.
= |
- E s
o
o |
[ 3% ]
¥ in mm
A
[ n %] 5] -

Magnetfeldstarke in T X in mm

* Average difference is 0.3%



Fit to a measurement

* measured momentum compared to corresponding simulated

momentum vs starting phase
e Measured with LEDA

3.635
MV . Eﬂ in MVY/m
£, = 31.5— fits best tesl ETR
m ' 31,5
31.6
3.625
s
, 362f '_;E,IETHI e .
3 FE Tag
= 3615 FZI/I %
._N e H-:\E
o / - T
3.61[ / P’ - :
- -
,f
3.605 \
N
/ \\\
36 \
3.595 : : : :
22 24 26 28 30 32 34 36 38

phi0 in degrees
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Software of the beam-based
alignment

A given measurement of final positions X, depending on the solenoid
current I,,4;,, is compared to a simulated set of final positions Xs with a

certain alignment vector A
(laser spot-offset, solenoid-offset, solenoid-pitch and yaw, constant magnetic field)

The magnetic field strength is given by:
Bo = Imqin - 5.871-107*2

The center of the monitor for the measurementis not aligned to the axis,
hence a monitor offset has to be calculated by:

- 1 N — - -
Xoff = sw, &i=1Wi (xM,i — xS,i)'

with w; being a weight of a certain measured point i

That offset will be used to adjust the monitor on the axis by:
Xy = Xy — Xoff



Software of the beam-based
alignment

* To find the alighment vector A a goal function F(/T) is minimized:
5 N SN2 SN2
F(4) = z {Wy,i (xM,i - xS,i(A)) +wy (YM,i - YS,i(A)) }
=1
* The weight w; of a certain measured point i reads:
2 . 2 .
Wy i = €Xp (—ELZ‘) and w,,; = exp (—ELZ‘)

20% 20%

* With €; being the statistical error of a single measurement and
o being the root mean square of all measured errors

* The minimization of the goal function is done by the MATLAB function
fminsearch which minimizes a multivariable function via the
Downhill-Simplex-method and gives back the coordinates of the
calculated minimum



Normalization

* To equal the impact of each alignment variable on the goal function
value, each variable is normalized

* That normalization was determined by the impact on the monitor
measurement |

d 8.5x8.5mm
+0.5mm x-laser-off |

|| +0.05° solenoid pitch

/

1N

|
I

10 x 10mm ‘ +0.5mm y-solenoid-off

10 X 9mm

v

10 x 9.5mm

* 0.5 mm laser or solenoid offset lead to same beam misalignment as 0.05°
solenoid angle



Structure of the software:
Input

» Software starts by choosing the file with the measured data points
which has to include the solenoid current, and the positions at the
screen with statistical errors

 Those measurements may look as follows:

Varncrieoome Naossengen am Monixr

* For better accuracy there is an option P ——
to chose multiple measurements with =
a known difference in the alignment

' - X

Would you like to Input other Data with known difference? Ertor 20000k 0 IRemncs (Sognes)

es No

24
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Structure of the software:
Input

* Then the gradient and the phase of the measurement has to be set

Carcel
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Structure of the software:
Input

 The alignment at the start of the minimization
can be read from a file, e.g. the last
measurement performed, or inserted manually . i

4. Starting Parameters — X

o (cyres
Which starting Parameters do you want to use? Ertor comatant v magnes fieks
)
select File Custom Input
stod y e
4 TR

* Finally the maximum number of ‘ B 8
. . . . . . . Enter maximum minimization
minimization iterations for fminsearch has s
to be set Cance

Cancel
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Structure of the software:
optimization algorithm ——

» Afterwards 10, based on starting positions,
randomized alignments are simulated,
results are shown on the console

* The best of those is being used as a start for the
minimization process (to build an initial simplex)

* During the minimization the last simulated alignment
is being shown

38,9524

o3
-

Tosls Desiteg Window  Hel
1| & &
goal unction = § 9134
manior X g in mm = -214758
monkor y . inmm = -10.1231
change in Goal Function Value
4 )
] | Smutstent
P & Maghatic Asis
e o Lawart ik | c
W - s
d “ ; &
Rl 'x 7
\ CW _ = v S -
. - > s
¥
A s W 81
N .ok k.
| Serdand >t
Cow 1
{ Magrede A
| srnar ol ___ N v




Structure of the software:
results

* After a minimization cycle there is the option to save the simulated
alignment in a .txt file

4. Save Alignment - x 4 name file — x
[ enter file name (without .txt!)
Would you like to save the cument alingment in a .t file? - -
mea=G0l_=sim_alignment

* Finally there is the option to start another cycle of minimization using a
different selection of alignment variables to be minimised

ll.' — =

Would vou like to runit again?

es No




Example for Application

 Three measurements

* Inthe second one the solenoid is moved by —0.5mm in y-direction compared to the first

* Inthe third one the solenoid is

moved by +1mm in x-direction compared to the first

* After the randomly simulated alignments the best one is:

goal function = 43.2754
monitor X, in mm = 221531

monitor ¥ _,, inmm = -10.7255

Sivbtend

— Sm. : e ——
- Sl | Te bk
- Lisser abigrmment ’ ‘ Lagratc A
soww wiigrerent
| "y -
anl » -
- ' - 3 $ ﬁ-; +
r di v »
5 2 £ | § E
’ r E | 4 E ¢
: - [ ’ c >,
¥ > > a8 > <"
s h: f
W »
X !

* After minimization of the solenoid angles: = ..

the current allignment of the first measurement:

%,y Laser COffset mm: 0.02113¢ -0.26841

®,¥ Solencid Offset mm: 0.9889 0.12406

pitch,vaw of Solencoid deg: 0.011218 0.021441
X,¥,2 const magnetic field muT: -13.25&63 43,7982

Goal Function F = 13.7501

Parameters of current randomized allignment:
the current allignment of the first measurement:
0.021136 -0.26841

%X,y Solenoid Cffset mm: 0.12406
pitch, yaw of Solenocoid deg: 0.014331 -0.008358
X, ¥,2 const magnetic field muT: -13.2563

Goal Function F = 43.2754

%,y Laser Offset mm:
0.988%9

8
43.7982

-46.2261

goal function = 13.7901
monitof x . in mm = -22.3617

monfior y_, inmm =-10,7034

l;hnnw I GaslFunction Value
— o | |

Zorsrme

“ | 4 Magewec Axs i
v S * L g - |
» Es > : |

o | ¢ b #

1
‘ & ! .
L 4 s . ¥ P, ‘
v 'Y “ b

. Vot 3 ‘

P = | )
-46.2261 — Savelaine x ! ‘

h d . 0 N =t | 4
s . i \
Ayvrw -~ » ‘
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Application

e After minimization of the solenoid offset:

goal function = 115857
monitor X,y I0 mm = -22.5385

monlior ¥Yon In MM = 106754

Shange bs GoslFunction Value

' - - - " - - )
SrvuAded
LT G an
F * Mg foow 04 | * Vgt ads
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E 4 £ j E p g o
h f i
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Rt » =,
S
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S ®
14 14 ) 0
as v 0 ] 3 1 3 ) A 100 =1
»anmm remm Xinmm

e After minimization of

the laser offset:

goal nction » 8 5322
monior x . in mm = -22.3338
manitor y . n mm = -10.7965
v ‘planm In GoalFuncion Vatue
TerTeamtet ' .’-n‘-vlnl Tavemstunt
=1 Gow &1 Gomt | 4877 Gos 40
04 8 Mepeh: Ass - Magredo Axs J ] 2 Megret Avs
» _ Lawe dgpean | Lo W grnnt | L ‘;v.'WO. "
[ : & A ’
I 3 »
; ¥/ | § - |
. &
c - \ s iy =
> 5 59 oEX > Y |
0n L ) A W) 5
h )
L L) "'
1 = s
& &,
| A4 "W %
15 15 3 S
4] as 1.5 L 2 3 1 2 0 = ™ =0 X0
ainmm anmm s mm

the current allignment

%x,v¥ Laser Offset mm:

0.0z5228

¥,¥ Solenoid Offset mm: O.96697

pitch,yvaw of Solencid deg: 0.009%634

of the first measurement:

-0.23268
0.035533
0.021353
—-12.4052 5T.8137

X, ¥,2 const magnetic field muT:
Goal Functiom F = 11.5857

the

%,y Laser Offset mm:

—-0.00486596

x,Y¥ Solencid Cffset mm: O.96409

pitch,yvaw of Solencid deg: 0.0084533

X,V¥,Z const magnetic fiesld mumT:

Goal Function F =

8.5322

current allignment of the first measurement:

-0.15211
0.035199
0.01%9%96
-12.9381

50.5098
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y nmm

Application

y In mm

After simulating an additional constant magnetic field:

goal function = 7 4674
monitor X, in mm = -22 2602

monilor Yo IN MM = -11 0681

4 change s GoalFunction Value
o . ~ .

2
G Srromaed
&7 Goml 1 Gt an
N Mgk Ao *  Mageetc Aus
P T r— F o« Leratgerent 1 |l
. g
=" & 8% €20
T | E e ’ frs
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0
14
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2 ]
) as 1 Ls ' 2 0 15 14 3 o w0 00 &0
«nme * i mm « inmm

the current allignment of the first measurement:

Finally all variables are minimized simulaneously:

goal function = 3 5944

monitor X, In mm = 204714

monior y, . in mm = 123385

2

"chlm In GoalFunction Value
y
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1000

®,v Laser Offset mm: -0.0049604 —0,1475%9

X,y Solenoid Offset mm: 0.56202 0.037277
pitch,yvaw of Solenoid deg: 0.009101% 0.021082
®,¥,2 const magnetic field muT: -25.243%9 46.7T069
Goal Function F = 7.4674

the current allignment of the first measurement:

x,y¥ Laser Offset mm: 0.092356 —0.38894

%,y S5olenoid Offset mm: 0.61486 0.13204

pitch, vaw of Solencid deg: 0.039%51 —-0.023553

%x,¥,z const magnetic field muT: -85.5988¢ -20.7286

Goal Function F = 3.5544

31

0.355824

1.4750%9



Summary

* A code for the beam dynamics of a reference particle in a RF-Photogun
has been developed

* The cross-check with ASTRA shows very good agreement

* Potential sources of misalignment have been implemented
» Laser spot-offset, Solenoid-offset, Solenoid pitch and yaw, constant magnetic field

* A goal function based on weighted measurements has been introduced

* The program has the option for subsequent simulations to exploit
measurements with known differences in alignment
(e.g. solenoid movements)

* The code has been applied to experimental data sets for two solenoid test
movements (basic + 2 test movements), resulting in a good fit

* The resulting misalignment:

* Laser-off.in mm: (0.09,-0.39); Solenoid-off.in mm: (0.61,0.13);
Solenoid pitch and yaw in deg.: (0.04,-0.02)

* Constant magnetic field in uT: (-90,-20,1.4)

* The package is prepared for practical use



Thank you for your attention!



3-dimensional fields of the
RF-Gun

* Applying polynomial expansion in r to Maxwell’s equations in cylindrical
coordinates (7, 8, z), the components of E and B can be derived

E,(t,7,2) = |E,(r = 0,2) = 7 (E (r = 0,2) + $E,(r = 0,2)) + 0(r*)| sin(wt + o)

E.(t1,2) = [—%E;(r = 0,2) + g(E;”(r = 0,2) + SE)(r =0, z)) - 0(r4)] sin(wt + @)
w |T r3 12 w? 4

Bo(t,7,2) = 5|2E,(r = 0,2) = (B} (r = 0,2) + SE,(r = 0,2)) + 0(*) | cos(wt + o)

* With the cylindrical coordinates and their unit vectors expressed in
cartesian coordinates:

r= Ty
6 = arctan (g)

Z =27

o>
Il

r = €5 cos(0) + &,sin(8)
o = —&,sin(8) + &, cos(0)
é;

D>

o>
N
Il

« The E and B fields can be expressed as:



3-dimensional fields of the
RF-Gun

[ !/ 2 14 ]
_g Ez,norm(Z) + = ;y (Ez norm(2) + 2 Ez norm(z))
= [ / 2 r — 7
E=E, _% Ez,norm(z) + = +y (Ez norm(2) + 2 Ez norm(z)) -sin(T + ¢@g)
Exmorm(2) = 23 (Effnorm(2) + 93 E; norm(2)
And

B lEz,norm(Z) (E!norm(Z)+ Eznorm(z))]

Y
2
B = E,% X2+ " - cos(t +
0c2 _% lEz,norm(Z) - (Ez norm(2) + 2 Eznorm(z))] (T+ o)
0




3-dimensional field of the
Solenoid

* Similar to the field of the RF-Gun the Field of the Solenoid can be
expressed with:

B,(1,2) = B,(r = 0,2) = =By} (r = 0,2) + 0(r*)
B, (r,2) = —IB)(r = 0,2) + =B} (r = 0,2) + 0(r%)
* Which leads to:

_BZ,,TLOT'm(Z) + x +y BZ,,7,’lOT'm(Z)

ol
I
oy
o
I
N NIR

_Bz’,norm(z) + x +y Bmorm(z)

Bz,norm (z) — x” +y B, znorm (z)



