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resulting figures of such measurements

Motivation
• To accelerate the electrons ideally the laser pulse position on the cathode 

and the solenoid are aligned

• To approach a perfect alignment, misalignments must be quantified and 
corrected for. A method is proposed using the positions of the electrons on 
the YAG screen of the photogun, measured as a function of the magnetic 
field strength B in the solenoid

• The tighter the points to each other, the better the alignment
• Based on those measurements, misalignment can be simulated
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Field distributions

Electromagnetic Fields of the 
Photogun
• Electric Field inside the Gun-Cavity is described by:

𝐸𝑧 𝑧, 𝑡 = 𝐸0 ∙ 𝐸𝑧,𝑛𝑜𝑟𝑚 ∙ sin(𝜔𝑡 + 𝜑0)
𝐸0 - Amplitude of the electric field ~ 60 Τ𝑀𝑉

𝑚
𝐸𝑧,𝑛𝑜𝑟𝑚 - Normalized field distribution of the cathode
𝜔 - Angular frequency of the standing wave
𝜑0 - Phase of the wave at release of electrons

• Magnetic Field of the Solenoid is 
described by:

𝐵𝑧 𝑧 = 𝐵𝑚𝑎𝑥 ⋅ 𝐵𝑧,𝑛𝑜𝑟𝑚(𝑧)
𝐵𝑚𝑎𝑥 - maximum field strength ~ 0.2 𝑇
𝐵𝑧,𝑛𝑜𝑟𝑚 - for maximum normalized field 

distribution

• With 𝑧 being the axis along the 
electrons motion
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Equations of motion

• The force equation of the motion of an electron:
𝑑𝑃

𝑑𝑡
= 𝐹𝐿 = 𝐹𝐸 + 𝐹𝐵

• The velocity:
𝑑 Ԧ𝑥

𝑑𝑡
= Ԧ𝑣

• With: 𝑡 - time

Ԧ𝑃 = 𝛾𝑚 Ԧ𝑣 - momentum

𝐹𝐿 - Lorentz force

𝐹𝐸 = 𝑒𝐸 - force by the electric field

𝐹𝐵 = 𝑒 Ԧ𝑣 × 𝐵 - force by the magnetic field

Ԧ𝑥 - position

Ԧ𝑣 - velocity

𝛾 =
1

1− ൗ𝑣2

𝑐2

- Lorentz factor

4



Equations of motion

• Using Ԧ𝛽 =
𝑣

𝑐
yields:

𝑑

𝑑𝑡

𝑚𝑣

1−
𝑣2

𝑐2

= 𝑒 ⋅ 𝐸 + 𝑒 Ԧ𝑣 × 𝐵

𝑑

𝑑𝑡
𝛾 Ԧ𝛽 =

𝑒

𝑚𝑐
𝐸 +

𝑒

𝑚
Ԧ𝛽 × 𝐵

• That results into the 6-dimensional differential equation system:
𝑑

𝑑𝜏
Ԧ𝑝 =

𝑒

𝑚𝜔𝑐
𝐸 +

𝑒

𝑚𝜔

Ԧ𝑝

1+𝑝2
× 𝐵

𝑑

𝑑𝜏
Ԧ𝜒 =

Ԧ𝑝

1+𝑝2

• With: 𝜏 = 𝜔𝑡 - dimensionless time

Ԧ𝛽 =
𝑣

𝑐
=

Ԧ𝑝

1+𝑝2
- dimensionless velocity

Ԧ𝑝 = Ԧ𝛽𝛾 - dimensionless momentum

Ԧ𝜒 = Ԧ𝑥
𝜔

𝑐
- dimensionless position 5



Numerical solution

• 4th order Runge-Kutta algorithm

• Time is discretized into 𝑁 intervals per period 
→ every time step is Δ𝜏 = 2𝜋

𝑁
long

• The system of differential equation is defined as Ԧ𝐹 and its solution as 𝑌
such as:

𝑌 𝜏 =
Ԧ𝑝

Ԧ𝜒

𝑑
𝑑𝜏𝑌 𝜏 = Ԧ𝐹 𝜏, 𝑌 =

𝑒
𝑚𝜔𝑐𝐸 𝜏, 𝑌 + 𝑒

𝑚𝜔
Ԧ𝑝

1+𝑝2
× 𝐵 𝜏, 𝑌

Ԧ𝑝

1+𝑝2
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Numerical solution
• With the starting conditions

𝑌 𝜏 = 0 =
𝑝0
𝜒0

, with 𝑝0 =
0
0
0

and 𝜒0 =

𝜒𝑥,0
𝜒𝑦,0
0

• 𝜒0 is where the laser hits the cathode

• For the (n+1)-st step there are the following temporary solutions:

Ԧ𝐾𝑛,1 = Δ𝜏 ⋅ Ԧ𝐹 𝜏𝑛, Ԧ𝑌𝑛

Ԧ𝐾𝑛,2 = Δ𝜏 ⋅ Ԧ𝐹 𝜏𝑛 +
Δ𝜏

2
, 𝑌𝑛 +

𝐾𝑛,1
2

Ԧ𝐾𝑛,3 = Δ𝜏 ⋅ Ԧ𝐹 𝜏𝑛 +
Δ𝜏

2
, 𝑌𝑛 +

𝐾𝑛,2
2

Ԧ𝐾𝑛,4 = Δ𝜏 ⋅ Ԧ𝐹 𝜏𝑛 + Δ𝜏, 𝑌𝑛 + Ԧ𝐾𝑛,4

• Which will be added to the previous solution Ԧ𝑌𝑛 as follows:

Ԧ𝑌𝑛+1 = 𝑌𝑛 +
𝐾𝑛,1
6 +

𝐾𝑛,2
3 +

𝐾𝑛,3
3 +

𝐾𝑛,4
6
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Coding of the simulation

• The simulation is coded with MATLAB

• Three classes have been made:

• The fields of the RF-Gun 

• The magnetic field of the solenoid

• The tracker which is simulating the path of one electron

• The tracker uses one object of each class to calculate the momentum 
and location of the electron
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Class of the RF-Gun
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Class of the solenoid-field
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Class of the particle tracker
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Results: 1D-dynamic
• Calculated for different 𝜑0 and 𝐸0 yields:
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Momentum over time

Position over time

𝐸𝑧 𝑧, 𝑡 = 𝐸0 ∙ 𝐸𝑧,𝑛𝑜𝑟𝑚 ∙ sin(𝜔𝑡 + 𝜑0)



‘Exotic’ Phases

• Phases around 110 to 125 degrees 
(depending on gradient 𝐸0)

• Shown here for 𝐸0 = 30
𝑀𝑉

𝑚
:
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Convergence and computing-time

• Investigation of  the stability and convergence of the algorithm for different 𝜑0:
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Comparison with ASTRA: 
final momentum vs launch phase
• Momentum at the end of the simulation depending on 𝜑0

• Ideal alignment: 
• electron was released on the RF-Gun axis 

• the solenoid axis is on and parallel towards the RF-Gun axis
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• Average difference is 0.002%



Comparison with ASTRA:
final position
• Laser does not hit the cathode in the middle

• Without field of the solenoid

• Position at the end of simulation depending on 𝜑0 for two different 
starting positions

16• Average difference is 0.091%



Comparison with ASTRA:
final position with solenoid field
• Simulating the ending position depending on the magnetic field strength

• The solenoid is perfectly aligned

• The laser hits the cathode with an offset of 𝑥, 𝑦 = 1𝑚𝑚,−0.5𝑚𝑚
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• Average difference is 0.12%



Comparison with ASTRA:
final position with solenoid field
• Laser is perfectly aligned
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Solenoid has an offset of: 
𝑥, 𝑦 = 1𝑚𝑚, 0𝑚𝑚

Solenoid has an offset of: 
𝑥, 𝑦 = 1𝑚𝑚,−0.5𝑚𝑚

• Average difference is 0.2%



Comparison with ASTRA:
final position with solenoid field
• Laser has an offset of 𝑥, 𝑦 = 1𝑚𝑚,−0.5𝑚𝑚

• Solenoid has an offset of 𝑥, 𝑦 = (1𝑚𝑚,−0.5𝑚𝑚)
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• Average difference is 0.3%



Fit to a measurement
• measured momentum compared to corresponding simulated 

momentum vs starting phase

• Measured with LEDA

• 𝐸0 = 31.5
𝑀𝑉

𝑚
fits best
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Software of the beam-based
alignment

• A given measurement of final positions Ԧ𝑥𝑀
′ depending on the solenoid 

current 𝐼𝑚𝑎𝑖𝑛 is compared to a simulated set of final positions Ԧ𝑥𝑆 with a 
certain alignment vector Ԧ𝐴
(laser spot-offset, solenoid-offset, solenoid-pitch and yaw, constant magnetic field)

• The magnetic field strength is given by:
𝐵0 = 𝐼𝑚𝑎𝑖𝑛 ⋅ 5.871 ⋅ 10

−4𝑇
𝐴

• The center of the monitor for the measurementis not aligned to the axis, 
hence a monitor offset has to be calculated by:

Ԧ𝑥𝑜𝑓𝑓 =
1

∑𝑤𝑖
∑𝑖=1
𝑁 𝑤𝑖 Ԧ𝑥𝑀,𝑖 − Ԧ𝑥𝑆,𝑖 ,

• with 𝑤𝑖 being a weight of a certain measured point 𝑖

• That offset will be used to adjust the monitor on the axis by:
Ԧ𝑥𝑀 = Ԧ𝑥𝑀

′ − Ԧ𝑥𝑜𝑓𝑓
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Software of the beam-based 
alignment
• To find the alignment vector Ԧ𝐴 a goal function 𝐹 Ԧ𝐴 is minimized:

𝐹 Ԧ𝐴 = 
𝑖=1

𝑁

{𝑤𝑥,𝑖 𝑥𝑀,𝑖 − 𝑥𝑆,𝑖 Ԧ𝐴
2
+ 𝑤𝑦,𝑖 𝑦𝑀,𝑖 − 𝑦𝑆,𝑖 Ԧ𝐴

2
}

• The weight 𝑤𝑖 of a certain measured point 𝑖 reads:

𝑤𝑥,𝑖 = exp −
𝜖𝑥,𝑖
2

2𝜎𝑥
2 and  𝑤𝑦,𝑖 = exp −

𝜖𝑦,𝑖
2

2𝜎𝑦
2

• With 𝜖𝑖 being the statistical error of a single measurement and 
𝜎 being the root mean square of all measured errors

• The minimization of the goal function is done by the MATLAB function 
fminsearch which minimizes a multivariable function via the
Downhill-Simplex-method and gives back the coordinates of the 
calculated minimum
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8.5 x 8.5mm

10 x 10mm

10 x 9.5mm

10 x 9mm

+0.5mm x-laser-off

+0.5mm y-solenoid-off

+0.05° solenoid pitch

Normalization

• To equal the impact of each alignment variable on the goal function 
value, each variable is normalized

• That normalization was determined by the impact on the monitor 
measurement
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• 0.5 mm laser or solenoid offset lead to same beam misalignment as 0.05°
solenoid angle



Structure of the software:
Input
• Software starts by choosing the file with the measured data points 

which has to include the solenoid current, and the positions at the 
screen with statistical errors

• Those measurements may look as follows:
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• For better accuracy there is an option 
to chose multiple measurements with 
a known difference in the alignment



Structure of the software:
Input
• Then the gradient and the phase of the measurement has to be set
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• The free choice of optimisation variables



Structure of the software:
Input
• The alignment at the start of the minimization 

can be read from a  file, e.g. the last  
measurement performed, or inserted manually
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• Finally the maximum number of 
minimization iterations for fminsearch has 
to be set



Structure of the software:
optimization algorithm

• Afterwards 10, based on starting positions, 
randomized alignments are simulated, 
results are shown on the console
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• The best of those is being used as a start for the 
minimization process (to build an initial simplex)

• During the minimization the last simulated alignment 
is being shown



Structure of the software:
results
• After a minimization cycle there is the option to save the simulated 

alignment in a .txt file
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• Finally there is the option to start another cycle of minimization using  a 
different selection of alignment variables to be minimised



Example for Application
• Three measurements

• In the second one the solenoid is moved by −0.5𝑚𝑚 in y-direction compared to the first

• In the third one the solenoid is moved by +1𝑚𝑚 in x-direction compared to the first

• After the randomly simulated alignments the best one is:

29

• After minimization of the solenoid angles:



Application

• After minimization of the solenoid offset:
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• After minimization of the laser offset:



Application

• After simulating an additional constant magnetic field:
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• Finally all variables are minimized simulaneously: 



Summary
• A code for the beam dynamics of a reference particle in a RF-Photogun

has been developed

• The cross-check with ASTRA shows very good agreement

• Potential sources of misalignment have been implemented
• Laser spot-offset, Solenoid-offset, Solenoid pitch and yaw, constant magnetic field

• A goal function based on weighted measurements has been introduced

• The program has the option for subsequent simulations to exploit 
measurements with known differences in alignment
(e.g. solenoid movements)

• The code has been applied to experimental data sets for two solenoid test 
movements (basic + 2 test movements), resulting in a good fit

• The resulting misalignment: 
• Laser-off. in mm:    (0.09,-0.39);      Solenoid-off. in mm:   (0.61,0.13);      

Solenoid pitch and yaw in deg.:   (0.04,-0.02)

• Constant magnetic field in μT:   (-90,-20,1.4)

• The package is prepared for practical use 32



Thank you for your attention!
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3-dimensional fields of the 
RF-Gun
• Applying polynomial expansion in r to Maxwell’s equations in cylindrical 

coordinates (𝑟, 𝜃, 𝑧), the components of 𝐸 and 𝐵 can be derived

𝐸𝑧 𝑡, 𝑟, 𝑧 = 𝐸𝑧 𝑟 = 0, 𝑧 − 𝑟2

4
𝐸𝑧
′′ 𝑟 = 0, 𝑧 + 𝜔2

𝑐2
𝐸𝑧 𝑟 = 0, 𝑧 + 𝑂 𝑟4 sin(𝜔𝑡 + 𝜑0)

𝐸𝑟 𝑡, 𝑟, 𝑧 = −
𝑟

2
𝐸𝑧
′ 𝑟 = 0, 𝑧 + 𝑟3

16
𝐸𝑧
′′′ 𝑟 = 0, 𝑧 + 𝜔2

𝑐2
𝐸𝑧
′ 𝑟 = 0, 𝑧 − 𝑂 𝑟4 sin(𝜔𝑡 + 𝜑0)

𝐵𝜃 𝑡, 𝑟, 𝑧 =
𝜔

𝑐2
𝑟

2
𝐸𝑧 𝑟 = 0, 𝑧 − 𝑟3

16
𝐸𝑧
′′ 𝑟 = 0, 𝑧 + 𝜔2

𝑐2
𝐸𝑧 𝑟 = 0, 𝑧 + 𝑂 𝑟4 cos(𝜔𝑡 + 𝜑0)

• With the cylindrical coordinates and their unit vectors expressed in 
cartesian coordinates:
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𝑟 = 𝑥2 + 𝑦2

𝜃 = arctan 𝑥

𝑦

𝑧 = 𝑧

ê𝑟 = ê𝑥 cos 𝜃 + ê𝑦sin(𝜃)

ê𝜃 = −ê𝑥 sin 𝜃 + ê𝑦cos(𝜃)

ê𝑧 = ê𝑧

• The 𝐸 and 𝐵 fields can be expressed as:



3-dimensional fields of the 
RF-Gun

𝐸 = 𝐸0

−𝑥
2 𝐸𝑧,𝑛𝑜𝑟𝑚

′ 𝑧 + 𝑥2+𝑦2

8 𝐸𝑧,𝑛𝑜𝑟𝑚
′′ 𝑧 + 𝜔2

𝑐2
𝐸𝑧,𝑛𝑜𝑟𝑚 𝑧

−𝑦
2 𝐸𝑧,𝑛𝑜𝑟𝑚

′ 𝑧 + 𝑥2+𝑦2

8 𝐸𝑧,𝑛𝑜𝑟𝑚
′′ 𝑧 + 𝜔2

𝑐2
𝐸𝑧,𝑛𝑜𝑟𝑚 𝑧

𝐸𝑧,𝑛𝑜𝑟𝑚 𝑧 − 𝑥2+𝑦2

4 𝐸𝑧,𝑛𝑜𝑟𝑚
′′ 𝑧 + 𝜔2

𝑐2
𝐸𝑧,𝑛𝑜𝑟𝑚 𝑧

⋅ sin 𝜏 + 𝜑0

And

𝐵 = 𝐸0
𝜔

𝑐2

−𝑦

2
𝐸𝑧,𝑛𝑜𝑟𝑚 𝑧 − 𝑥2+𝑦2

8
𝐸𝑧,𝑛𝑜𝑟𝑚
′′ 𝑧 + 𝜔2

𝑐2
𝐸𝑧,𝑛𝑜𝑟𝑚 𝑧

−𝑦

2
𝐸𝑧,𝑛𝑜𝑟𝑚 𝑧 − 𝑥2+𝑦2

8
𝐸𝑧,𝑛𝑜𝑟𝑚
′′ 𝑧 + 𝜔2

𝑐2
𝐸𝑧,𝑛𝑜𝑟𝑚 𝑧

0

⋅ cos(𝜏 + 𝜑0)
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3-dimensional field of the 
Solenoid
• Similar to the field of the RF-Gun the Field of the Solenoid can be 

expressed with:

𝐵𝑧 𝑟, 𝑧 = 𝐵𝑧 𝑟 = 0, 𝑧 − 𝑟2

4
𝐵𝑧
′′ 𝑟 = 0, 𝑧 + 𝑂 𝑟4

𝐵𝑟 𝑟, 𝑧 = −𝑟

2
𝐵𝑧
′ 𝑟 = 0, 𝑧 + 𝑟3

16
𝐵𝑧
′′′ 𝑟 = 0, 𝑧 + 𝑂 𝑟5

• Which leads to:

𝐵 = 𝐵0

−𝑥
2 𝐵𝑧,𝑛𝑜𝑟𝑚

′ 𝑧 + 𝑥2+𝑦2

8 𝐵𝑧,𝑛𝑜𝑟𝑚
′′′ (𝑧)

−𝑦
2 𝐵𝑧,𝑛𝑜𝑟𝑚

′ 𝑧 + 𝑥2+𝑦2

8 𝐵𝑧,𝑛𝑜𝑟𝑚
′′′ 𝑧

𝐵𝑧,𝑛𝑜𝑟𝑚 𝑧 − 𝑥2+𝑦2

4 𝐵𝑧,𝑛𝑜𝑟𝑚
′′ 𝑧
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