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Outline

e MOEVE PIC Tracking package

e Space charge effect calculation

e FFT-based algorithms for 3-D space charge calculation
e Advantages and disadvantages

e Space charge including image charge

e Tracking comparison with ASTRA
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MOEVE PIC Tracking package h

Gains: [Enhanced by A. Markovik, G. Péplau] e P
e Simulate the interaction between a positron beam and electron
clouds

e Simulate the interaction between an electron bunch and ion
clouds

e 3D particle tracking including space charge effect with
rectangular (elliptical transverse) cross-section
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Tracking algorithm of MOEVE PIC
Tracking Algorithm ’M\

.

Cloud.inp
Bunch.inp
Mginput.inp

move, emove Integration of equations
of motion, moving particles
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Weighting
(x,v)i — (p)j

chargeweighting

— — [ Solution of the Poisson
E| =YE equation on the grid
— — E); ’
B:l27xE' (E)j —— (p);
e MOEVE

® cubic computational domain

® Particle-mesh method

® (Non)Egidistant grid in each axis

OPhD.Thesis of A. Markovik
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Poisson Equation
The potential ¢ of the bunch (distribution of Boundary conditions:
macro particles) is calculated from s
Poisson equation: Dirichlet
q ' p=00n0R0
~Ap = e inQ c R3 Neumann: 5
€
0 == YoQ
® potential on
0 space charge density periodic:
Q computational P_o0 = Yon
domain
open:
0 1
E = —gradyp _<,0+_(p:0
on r
free and mixed boundary conditions.
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Numerical methodologies sketch

® Multigrid method:

MG (multigrid), CG(conjugate gradient), MGCG , SOR (successive
over-relaxation ), BiCG, BICGSTAB, PCBiCG

® FFT-based method:
Spectral method

GF (Green’s function), IGF (Integrated Green’s function)
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FFT-based method: Spectral Method

Discretization by finite difference provides the following system of linear
equations:

Lu=f

-2 o ... [P]

1 -2 1 :

L: . . .
0 1 -2 1

P o .. -2
Dirichlet: [P0, [N
Neumann: =0, =2
Periodic: ~ |P}1, [N
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Theorem (Spectral Decomposition, Charles Van Loan, 1992)

If we define the discrete Laplace matrices for the above five boundary conditions as
L, there is an invertible matrix V/ for each boundary condition, such that

VIV = A,

here A is the spectral matrix, which is diagonal.
Dirichlet-Dirichlet: ~ V=DST, ~ A; = 4sin®(X), j=1:n-1

20
Dirichlet-Neumann: ~ V=DSTIl, ~Aj; = 4sin*(%2x), j=1:n.
Neumann-Dirichlet: ~ V=DCTI, A = 4sin®(%27), j=1:n.
and
Neumann-Neumann: ~ V=DCT, A = 4sin*(§%), j=0:n
Periodic: V=IDFT, Aj =4sin*({X), j=0:n—1.
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with this factorization of L, we solve the linear system Lu = f as:

Llu = f
vviivvty = f
AVL V-if
v ALV Lf
A Lf
VA~V If

SIS
([

S
|
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3D Situation
The resulting system of linear equations:

1 1 1
(h_)% E(IN,®L/\/,®/Nx)-i-h—g

Eigenvalues: A, , . = [Aij,k]. = the linear system of equations can be written
as:

(INZ®INy ®L/\/x)+ (LN,®IN,, ®INX))UZ f

1 1 1
FA+I®FA®I+FA®I®I)(V*1®V*1®V*1)u:

X y z

(I®l®

(VieVvie VvV hHf
(V71 ® V~1® V1) three dimensional Fourier-class transform. In the
"frequency domain” we have:

1 .

bijk = 5 x T a TN 3 fioik
TR TR
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Standard Green’s function(GF) method
Standard Green’s function method:

1
/// G(x,x',y,y', 2,2 ) p(x',y',2") dx'dy’ dz’
4meg N——

SD(X’ y’ Z) =
———

o(Xi,¥j,2k) > Z“ - G (X3, %i1,¥: ¥ Zk>2k) - P(Xir Y0 ,2k0)  hxhyhz
With Green’s function:
! ! ! 1
G(X7X 7y7y 7Z7Z ) -

VE=XP+y—yP+(z-2)7
Discrete form:

Ha

hoh, b, S Qo N
o(xi, ¥, zk)6F = ZW);OZ ZZ Z G(xis Xir, Yj» i 2, zin ) p(Xir, Vit Zkt)
—1j/=1k'=1
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Infegrated Green'’s function (IGF) method
Integrated Green’s function method [Ji Qiang, 2006]:

plx; uy,/ 1Zkt)

4715 ///Gx x.y,y, z z)p( x',y',z")dx'dy' dZ’
Z E Z G(Xiaxi’vyi’yj’ 7zkvzk’)

wo(x,y,2)
N——

©(Xi,¥j,2k)

With integrated Green’s function:
. X,-/+hx/2 yj/+hy/2 zk/+hz/2 , , , L,
G vy vy zn ) = [ [ / Gt X' s yjy' 24 2 )’ dy' dz
X,-/*"x/2 .Vl-/*'ly/2 2‘(/*'11/2
Discrte form:
N.Y

‘P(thj’zk)lGF 4req ZZ Z P(X: ’y Yj ,Zk/) (XHXI " Yis Vi azk»zk’)

i=1j=1k'=1
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Extensions:
[R. W. Hockney and J. W. Eastwood, 1994]

Figure: The expansion of Green’s function (Left side) and the expansion of charge density (Right side).

The expansion of Green’s function is called real even symmetry expansion.
Example: [Xo, X1,X2,X3] — [Xo, X1, X2, X3, X2, Xl].

The expansion of charge density, zeros expansion:
[p07p17"'7pN—17pN] — [p07p17"'7pN707"'70]'
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hyhy h,
‘P(Xh.yhzk ZZ Z G =X Yi—Yi'y Zk— zk/)p(x, Y ,zk') =

4rmeg
0 i'=1j'=1k'=1

2Ny —22Ny —2 2N, —2

hyhy h,
QO(X,,_)/I,Zk) Z Z Z GeX Xi X,'/,yj_yj/,Zk_zk’)/)ex(xi’,yj’,zk

47‘('60
i’=1 ’ =1 k’'=1
The convolution theorem, which is:
${G*p}=TGe3p

reveals that bhh

Pijk = ﬁgil{[chx]i,j,k " [Fpexlijk}
or

ex)ijk ® [Spexlijk}

i,k =
Pi 4re
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Figure : Comparison of ne (i, j, k) for the two Green’s function methods in
Example 1. GF (a) (c), IGF (b) (d) .
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FFT-based algorithms for 3-D space charge calculation

f
E}Bq\"y

Inverse Lf"f

BGe
u

physical space
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Transform
v !
V —1
Va

2 B Cf
1 A

Transform
Vi
VY
V,

|ijc
frequency space spectrum
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FFT-based algorithms for 3-D space charge calculation

f BG @ Inverse Lf"f

Transform

f: the 3D right hand v;!
vector, which expressed the
charge density of bunch.

BGs

V.
BG ?

physical space frequency space spectrum
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FFT-based algorithms for 3-D space charge calculation

f BG @ Inverse Lf"f

Transform
V—l
V!
BG;: the boundary conditions, V’Ll
which could be Dirchlet, 3 BG
Neumann, periodic, free and T
mixed boundary conditions.
Transform
Vi
VY
BG V:
u \uty Upc
physical space frequency space spectrum

May 9.2014 (© 2014 UNIVERSITAT ROSTOCK | FAKULTAT FUR INFORMATIK UND ELEKTROTECHNIK, INSTITUT FUR ALLGEMEINE ELEKT]



FAKULTAT FUR INFORMATIK
E CHNIK
UNIVERSITAT ROSTOCK

Universitat
Rostock

Traditio et Innovatio

FFT-based algorithms for 3-D space charge calculation

£ BC fbe Inverse Lf"f
Transform
V—l
fyc: the modified right Vol
hand vectors with boundary V’Ll
conditions. For free and 3 BCy
periodic boundary conditions: T
fic should be extended to Transform
fex as the new proper fp. v
VY
BG V:
frequency space spectrum

physical space
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FFT-based algorithms for 3-D space charge calculation

f BG Q‘y Inverse Lf"f

Transform

The inverse transform is V!
performed as V!, Vy“,
V1 in each driection.

BGs

V.
BG ?

physical space frequency space spectrum
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The 3D right hand vector BC
with boundary conditions f
in frequency domain.
physical space frequency space spectrum
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FFT-based algorithms for 3-D space charge calculation

f BG @ Inverse Lf"f

Transform
A: The eigenvalues with Vi 1
boundary conditions in 3D: V{ L
For Spectral method: \
N A A B
Nijk = F+E+ 5% A
For GF (IGF) method:
o/r\_ . (7 )mi) Transform
kT 5 (G V,
VY
BG V:
u \uty Upc
physical space frequency space spectrum
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f BG Q‘y Inverse Lf"f

Transform
Gpc: The potential vector BC
with boundary conditions f
in frequency domain.
physical space frequency space spectrum
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FFT-based algorithms for 3-D space charge calculation

f BG Q‘y Inverse Lf"f

Transform

The transform is performed as z BG,
V., Vy, V, in each driection. 1

V.
BG ?

physical space frequency space spectrum
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FFT-based algorithms for 3-D space charge calculation

f BG @ Inverse Lf"f

Transform
V—l
up: the potential vectors Vol
with boundary conditions. V’Ll
For free and periodic 2 BC;
boundary conditions: up.
should be cutted from ue, Trans
to be the new proper up.. rars o
VY
BG V:
frequency space spectrum

physical space
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FFT-based algorithms for 3-D space charge calculation

f BG Q‘y Inverse Lf"f

Transform

u: the 3D potential vec- 3 BG
tor in physical space T

BG V:

physical space frequency space spectrum
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Disadvantages of spectral methods and Green’s
function method

® Gibbs phenomenon

o7 107
06

10

z oa g

03

0z 10
o1

o e

=X o o

Owww.scottsarra.org

logferor]

014  UNIVERSITAT ROSTOCK | FAKULTAT FUI



Universitat (.
Rostock

e " FAKULTAT FOR INFORMATIK
Traditio et Innovatio NIK

14388 UNIVERSITAT ROSTOCK

Disadvantages of spectral methods and Green'’s
function method

® Gibbs phenomenon

@ Still time-consuming due to many time step loops.

Ny x N, x N, Spectral Solver  IGF Solver MG Solver

33 x 33 x 33 0.035s 0.115s 0.077 s

65 x 65 x 65 0.282 s 1.191 1.087 s
129 x 129 x 129 2317 s 11.084 s 9.568 s
257 x 257 x 257 20.030 s 51.324 s
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Disadvantages of spectral methods and Green'’s
function method

® Gibbs phenomenon
@ Still time-consuming due to many time step loops.

® High RAM computation
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Advantages of spectral methods and Green’s function
method

® Together with multigrid methods in MOEVE, the spectral methods can deal
with various boundary conditions
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Advantages of spectral methods and Green’s function
method

@ Together with multigrid methods in MOEVE, the spectral methods can deal
with various boundary conditions

@ The routine could be efficiently accelerated by parallel technology.
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Advantages of spectral methods and Green’s function
method

@ Together with multigrid methods in MOEVE, the spectral methods can deal
with various boundary conditions

@ The routine could be efficiently accelerated by parallel technology.

® There are rich theories and tools in spectral theory, that may use to optimize
solution
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Advantages of spectral methods and Green’s function
method

@ Together with multigrid methods in MOEVE, the spectral methods can deal
with various boundary conditions

@ The routine could be efficiently accelerated by parallel technology.

® There are rich theories and tools in spectral theory, that may use to optimize
solution

® The spectral methods deal with not too long or short bunches

® The Integrated Green’s function method is preferred for too long or short
bunches

May 9.2014 (© 2014 UNIVERSITAT ROSTOCK | FAKULTAT FUR INFORMATIK UND ELEKTROTECHNIK, INSTITUT FUR ALLGEMEINE ELEKTROTECHNIK
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Space charge including image charge

® double sized domain with periodic boundary conditions

® shifted Green’s function
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Comparision with ASTRA: First result

5 0.95
g4 7 09
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Comparision with ASTRA: First result
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Restrictions of the 3D FFT algorithm in ASTRA

@ The 3D algorithm does not provide special features for the emission of
particles from the cathode in its present form

® |mage charge forces cannot be included

@ During the emission the complete grid is set up already after the first time
step.

® The field description is restricted to the grid; hence the optional use of passive
particles, which may travel outside of the grid, is limited

O[ASTRA manual V3.0 2011]
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Outlook

@ More efficient Poisson solver is needed:
RIGF, CGF and other methods

® Deep study in spectral method

® Parallelization of the FFT-based Poisson solver
GPU, Open MP

® Check and study the Poisson solver with applications

Enhance to simulate beam emission.
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Real tfrigonometric transform
The Discrete Sine Transform(DST): y(1 : m — 1) = DST(x(1 : m — 1))

The Discrete Cosine Transform(DCT): y(0 : m) = DCT(x(0 : m))

24 Z cos( )x,

The Discrete Sine Transform-Il(DST-I): y (1 : m) = DST-lI(x(1 : m))

o k(2j - V)
Yk = _,-:lem(T)Xj

The Discrete Cosine Transform-lI(DCT-ll):y (0 : m — 1) = DCT-I(x(1 : m))

1)")(,,,
2

m—1
Zco (k(2j+1)7r) %

=0
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